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MINIMAL SLOPE CONJECTURE OF F -ISOCRYSTALS
NOBUO TSUZUKI
Abstract. The minimal slope conjecture, which was proposed by K.Kedlaya, asserts that two irre-
ducible overconvergent F -isocrystals on a smooth variety are isomorphic to each other if both minimal
slope constitutions of slope filtrations are isomorphic to each other. We affirmatively solve the minimal
slope conjecture for overconvergent F -isocrystals on curves and for overconvergent Qp-F -isocrystals on
smooth varieties over finite fields.
1. The minimal slope conjecture
In this paper we study the minimal slope conjecture of overconvergent F -isocrystals which was pro-
posed by K.Kedlaya in [31]. At first let us explain the conjecture and our main results.
1.1. Slope filtrations. Let us fix the notation as follows:
• p : a prime number;
• k : a perfect field of characteristic p;
• R : a complete discrete valuation field of mixed characteristic with residue field k = R/m;
• K : the field of fractions of R;
• a 7→ |a| : a multiplicative valuation of K;
• σ : K → K : a q-Frobenius on K for a positive power q of p, that is, a p-adic continuous
homomorphism of fields such that σ(a) ≡ aq (modm) for any a ∈ R.
Let X be a scheme separated locally of finite type over Spec k. Let M† be an overconvergent F -
isocrystal on X/K, and denote the convergent F -isocrystal on X/K associated toM† byM. We sayM
admits a slope filtration if there exists an increasing filtration
0 =M0 (M1 ( · · · (Mr−1 (Mr =M
of M as convergent F -isocrystals on X/K such that
(i) Mi/Mi−1 is nonzero and isoclinic of slope si and
(ii) s1 < s2 < · · · < sr.
We call s1 (resp. sr) the minimal slope (resp. the maximal slope) of M. If the Newton polygons of the
Frobenius structure of a convergent F -isocrystalM is constant on a smooth scheme X ,M admits a slope
filtration ([31, Corollary 4.2], [43, Corollary 2.6]). It is known that, for any convergent F -isocrystal M
on a smooth connected scheme X , there exists an open dense subscheme U of X such that the Newton
polygons of M are constant by Grothendieck’s specialization theorem (see [31, Theorem 3.1.2] and [43,
Proposition 2.2]). HenceM admits a slope filtration as convergent F -isocrystals after a certain shrinking
of X .
1.2. The minimal slope conjecture. Kedlaya proposed the following problem in [31, Remarks 5.14,
5.15]. We call it the minimal slope conjecture.
Conjecture 1.1. [31, Remark 5.14] Let X be a smooth connected scheme separated of finite type over
Spec k. LetM† and N † be irreducible overconvergent F -isocrystals on X/K such that both convergent F -
isocrystals M and N associated to M† and N † admit the slope filtrations {Mi} and {Nj}, respectively.
Suppose that there is an isomorphism h : M1 → N1 between the minimal slope constitution of slope
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filtrations of M and N as convergent F -isocrystals. Then there exists a unique isomorphism g† :M† →
N † of overconvergent F -isocrystals such that the induced diagram
M1
h
→ N1
∩ ∩
M →
g
N
is commutative in the category of convergent F -isocrystals on X/K.
If X is proper, then M1 = M = M† by the irreducibility. Hence the conjecture is trivially true.
E.Ambrosi and M.D’Addezio proved the conjecture over a finite field k only with the hypothesis of the
nontriviality of the morphism h : M1 → N1 when N † is of rank one [5, Theorem 1.1.1]. The version
with the relaxed hypothesis on h is called the stronger version of Kedlaya’s conjecture. They applied
the result to a generalized Lang-Ne´ron’s theorem on a finiteness of torsion points of Abelian varieties [5,
Theorem 1.2.1].
In this paper we will study the dual form of the minimal slope conjecture as follows.
Conjecture 1.2. (Dual form of the stronger version of Conjecture 1.1) With the notation in Conjecture
1.1 and renumbering the slope filtration such as
M =M0 )M1 )M2 ) · · · )Mr−1 )Mr = 0
with the sequence of slopes s0 > s1 > · · · > sr−1, suppose that there is a nontrivial morphism h :
N/N 1 →M/M1 between the maximal slope quotients as convergent F -isocrystals. Then there exists a
unique isomorphism g† : N † →M† of overconvergent F -isocrystals such that the induced diagram
N
g
→ M
↓ ↓
N/N 1 →
h
M/M1
is commutative in the category of convergent F -isocrystals on X/K.
1.3. Results and strategies. In this paper we establish affirmative results for the dual form of the
minimal slope conjecture.
Theorem 1.3. (Corollary 5.10) If C is a smooth connected curve over Spec k, then Conjecture 1.2 holds.
Our method is different from Ambrosi and D’Addezio’s monodromy group method in [5]. The key
ingredients are the notion of PBQ (pure of bounded quotient) for overconvergent F -isocrystals in local
and global theories and the opposite filtrations of ϕ-modules in local theories. The notion of PBQ was
introduced by Chiarellotto and the author to give a necessary condition of Dwork’s conjecture on the
comparison between Frobenius slopes and logarithmic growth for ϕ-∇-modules in [9] (see Remark 3.25).
In this paper we globalize the notion of PBQ which requires the space of bounded solutions on the generic
disc of the associated Frobenius-differential module at the generic point is pure of Frobenius slope. Then
the irreducibility implies PBQ and any nonzero quotient of PBQ overconvergent F -isocrystals is again
PBQ with the same maximal slope. In the level of global sections on the affine curve C, the global
sections ofM† is naturally included in those of the maximal slope quotientM/M1 by the irreducibility,
and so is also the global sections of N † via the given morphism h.
The notion of opposite filtrations of ϕ-modules were introduced by J.A.De Jong to study the homo-
morphisms of p-divisible groups on local rings of equal characteristic p in [14]. Applying the local theory,
we prove the rank of the maximal slope quotient of any overconvergent F -isocrystal inside M/M1 is
less than or equal to the rank of M/M1. We compare, in the level of global sections, given irreducible
overconvergent F -isocrystalsM† and N † in the maximal slope quotient M/M1 and we obtainM† and
N † coincides with each other in M/M1 by the properties of PBQ overconvergent F -isocrystals and the
upper bound of ranks of maximal slope quotients.
Let Qp be an algebraic closure of the field Qp of p-adic numbers. In the case of general dimensions
we deal with the case where k is a finite field and study the minimal slope problem for overconvergent
Qp-F -isocrystals which T.Abe introduced to established the celebrated work on the p-adic Langlands
correspondence and the companion theorem in [1] [2]. The overconvergentQp-F -isocrystals are analogous
to smooth Qℓ-sheaves in ℓ-adic theory. Our result for the general dimensions is as follows.
MINIMAL SLOPE CONJECTURE OF F -ISOCRYSTALS 3
Theorem 1.4. (Theorem 6.20) Let X be a smooth connected scheme separated of finite type over the
spectrum Spec k of a finite field k, and M† and N † irreducible overconvergent Qp-F -isocrystals on X
which admit slope filtrations as convergent Qp-F -isocrystals. If h : N/N
1 → M/M1 is a nontrivial
morphism between the maximal slope quotients, then there exists an isomorphism g† : N † → M† of
overconvergent Qp-F -isocrystals.
Abe and H.Esnault proved Lefschetz theorem for Qp-F -isocrystals which asserts an existence of a
smooth curve Cα passing at any given closed point α in an open dense subscheme of X such that the
restriction of the given irreducible Qp-F -isocrystal on X is again irreducible on Cα in [4]. They also
applied Lefschetz theorem to the weight theory after Abe-D.Caro’s work in [3]. Then the coincidence
of characteristic polynomials of Frobenius of M† and N † holds at each closed point α by our study
of the minimal slope conjecture on curves. Then applying Cˇebatarev’s density theorem [1] we obtain
an isomorphism g† : N † → M† of overconvergent Qp-F -isocrystals. However we can not show the
compatibility between g† and the given morphism h at this moment. Because the author does not know
whether the coincidence
EndQp-F -Isoc
(M†)
∼=
→ EndQp-F -Isoc
(M/M1)
holds or not in general. Here EndQp-F -Isoc
(M†) (resp. EndQp-F -Isoc
(M/M1)) is a Qp-space of endomor-
phisms of M† (resp. M/M1) as an overconvergent (resp. convergent) Qp-F -isocrystal.
1.4. Further problems. The minimal slope conjecture seems to be not an ℓ-adic but a p-adic own
problem. However, the author also expects to find some consequence in ℓ-adic theory with a view point
of the companion theorem. In the theory of p-adic local systems on a varieties of characteristic p one
has a naturally wider category that includes the category of local systems arising from geometries. The
minimal slope constitution expands in its whole overconvergent F -isocrystal if it is irreducible. So the
author asks a question that how one can directly recover the whole overconvergent F -isocrystal, e.g., its
rank, from the minimal slope constitution of the slope filtrations.
Let X be a smooth variety over Spec k, and L a unit-root convergent F -isocrystal on X/K. Is L a
minimal slope constitution of slope filtration of an irreducible overconvergent F -isocrystal? What is the
essential image of the natural functor overconvergent F -isocrystals on X/Kadmitting slope filtration
with the minimal slope 0
 → ( unit-root convergent
F -isocrystals on X/K
)
taking the minimal slope constitution of the slope filtrations? A unit-root convergent F -isocrystal be-
longing to the essential image is called “geometric”. For example, the overconvergent F -isocrystal KLψ
on Gm Fp/Qp(ζp) (ζp : p-th root of unity) of rank 2 corresponding to the variation of Kloosterman sums
a 7→ −
∑
x∈k×
ψ ◦ trk/Fp(x+ a/x)
includes a rank one unit-root convergent F -isocrystal Lψ on GmFp/Qp(ζp) as a minimal slope constitu-
tion, where ψ is a nontrivial additive character of Fp [17] [41, 6.2] [22]. One can regard Lψ as a unit-root
convergent F -isocrystal on A1Fp , however the Frobenius acts by 1 at a = 0 and it is not the minimal slope
constitution of irreducible objects by the weight reason. Is there a list of rank one geometric unit-root
converent F -isocrystals L on Gm Fp , including positive tensor powers L
⊗n
ψ of Lψ arising from the first con-
stitution of the symmetric powers of KLψ? We know such a geometric unit-root convergent F -isocrystal
satisfies Dwork’s conjecture on the meromorphy of unit-root L-functions [16] which was affirmatively
solved by D.Wan [45] [46] [47]. In one sense our problem is a converse problem of Dwork’s conjecture.
Another direction is to characterize geometric unit-root convergent F -isocrystals by asymptotic behaviors
of infinite towers of ramifications along the boundaries. The work of J.Kramer-Miller seems to be in this
direction [33] [34] [35].
In conclusion the phenomena of slopes and their jumps are mysterious and interesting, which we
should study.
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1.5. Structure of this paper. In the section 2 we fix the notation of the local settings and recall the
opposite filtration of ϕ-modules. In section 3 we introduce and study the local and global properties of
the PBQ filtrations of overconvegent F -isocrystals on a curve. In section 4 we prove the local version of
the minimal slope conjecture. In section 5 we prove the minimal slope conjecture in the case of curves. In
section 6 we prove the minimal slope conjecture for overconvergent Qp-F -isocrystals on a smooth variety
over a finite field. We put two appendixes in order to understand overconvergent F -isocrystals well. We
study Frobenius endomorphisms of (partially) †-spaces, and the trace map of F -isocrystals with respect
to finite base field changes.
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2. Opposite slope filtrations
In this section we review the opposite filtration of ϕ-modules which was introduced by de Jong in [14].
The opposite filtration is one of the key ingredients to prove the minimal slope conjecture.
2.1. ϕ-∇-modules. Let R be a complete discrete valuation ring with the fraction fieldK of characteristic
0 and the residue field k which is an arbitrary field of characteristic p > 0. We suppose that there exists
a q-Frobenius on K for a positive power q of p and denote the σ-fixed subfield by Kσ (see the detail of
Frobenius endomorphisms in Appendix A). Let us fix notation as follows:
• E : the Amice ring over K, that is,
E =
{∑
n∈Z
ant
n
∣∣∣∣∣ an ∈ K, supn |an| <∞,an → 0 asn→ −∞
}
;
• R : the Robba ring over K, that is,
R =
∑
n∈Z
ant
n
∣∣∣∣∣
an ∈ K,
0 < ∃η < 1 such that |an|ηn → 0 asn→ −∞,
0 < ∀ξ < 1 such that |an|ξn → 0 asn→∞
 ;
• E† : the bounded Robba ring over K, that is,
E† =
{∑
n∈Z
ant
n ∈ R
∣∣∣∣∣ supn |an| <∞
}
;
• K[[t]]0 : the K-algebra of bounded functions on the unit disc D(0, 1−) = {|t| < 1}, that is,
K[[t]]0 = K ⊗R R[[t]] =
{
∞∑
n=0
ant
n ∈ K[[t]]
∣∣∣∣∣ supn |an| <∞
}
.
Let B be one of E ,R, E† and K[[t]]0. Then B is furnished with
• |
∑
ant
n| = supn |an|, which is called the Gauss norm for
∑
n ant
n ∈ B;
• d : B → Bdt, which is a continuous K-derivation d(
∑
n ant
n) =
∑
n nant
n−1dt;
• ϕ : B → B, which is a q-Frobenius such that ϕ|K = σ and ϕ(t) ≡ tq (modm). If we treat E , E†
and K[[t]]0 (resp. E and E†, resp. R and E†) in the same time, then the Frobenius on E and E†
(resp. E , resp. R) is an extension of that of K[[t]]0 (resp. E†, resp. E†).
E (resp. E†) is a discrete valuation field with residue field k((t)) under the Gauss norm, and K[[t]]0 is a
principal ideal domain. We denote the integer rings of E (resp. E†) by OE (resp. OE†). Then OE (resp.
OE†) is a complete (resp. Henselian) discrete valuation ring and E
† is algebraically closed in E .
Definition 2.1. Let B be one of E , E†, and K[[t]]0.
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(1) A ϕ-module over B is a free B-moduleM of finite rank which is furnished with a B-linear bijection
ϕM : ϕ
∗M →M .
(2) A ∇-module over B is a free B-module M of finite rank which is furnished with a K-linear map
∇M :M →Mdt such that ∇M (am) = mda+ a∇(m) for a ∈ B and m ∈M .
(3) A ϕ-∇-module over B is a triplet (M,∇M , ϕM ) such that (M,ϕM ) is a ϕ-module over B and
(M,∇M ) is a ∇-module over B satisfying the diagram
ϕ∗M
ϕ∗∇
→ ϕ∗(Mdt)
ϕM ↓ ↓ ϕM ⊗ ϕ
M →
∇
Mdt
is commutative.
ϕM is called Frobenius and ∇M is called a connection. We denote the category of ϕ-∇-modules over B
by ΦM∇B .
Definition 2.2. Let M be a ϕ-∇-module over E.
(1) An E†-lattice of M is a ϕ-∇-module M † over E† such that M ∼= E ⊗E† M
† as ϕ-∇-modules M
over E.
(2) A K[[t]]0-lattice of M is a ϕ-∇-module M0 over Kα[[xα]]0 such that M ∼= E ⊗K[[t]]0 M0 as ϕ-∇-
modules over E. One can also define the notion of K[[t]]0-lattices of ϕ-∇-modules over E†
The category ΦM∇B is a Kσ-linear Abelian category which is furnished with tensor products ⊗B and
duals M 7→M∨ (see [39, Section 3]). The category does not depend on the choice of q-Frobenius ϕ [41,
Theorem 3.4.10]. The forgetful functor
ΦM∇E† → ΦM
∇
E M
† 7→M = E ⊗E† M
†
is fully faithful by [29, Theorem 5.1]. We use the notation M (resp. M †) for a ϕ-∇-module over E (resp.
E†), and for a ϕ-∇-module N † over E† the image by the above forgetful functor is denoted by N . Note
that the category of ϕ-modules over E† (resp. E) is a Kσ-linear Abelian category, but, except unit-root
objects below, it may depends on the choice of Frobenius and the natural functor from the category over
E† to that over E is not fully faithful (see a counter example in [39, Remark 2.2.7]).
Definition 2.3. (1) A unit-root ϕ-module over E is a ϕ-module M over E such that there exists a
finite free OE -submodule L of M satisfying E⊗OE L =M and ϕ(L) generates L as an OE -module.
A ϕ-module over E† (resp. a ϕ-∇-module over E, resp. a ϕ-∇-module over E†) is unit-root if so
is the associate ϕ-module over E.
(2) A ϕ-module M over E is purely of slope mn (m,n ∈ Z, n > 0) if M
⊗n(m) is a unit-root ϕ-module
over E. Here M⊗n(m) means a tensor product of n-copies of M with a Frobenius ϕM⊗n(m) =
q−mϕ⊗n. A ϕ-module over E† (resp. a ϕ-∇-module over E, resp. a ϕ-∇-module over E†) is pure
of slope m/n if so is the associate ϕ-module over E.
Proposition 2.4. (See [29, Remark 1.7.8], [8, Theorem 2.4].)
(1) Let M be a ϕ-module over E. Then M admits a slope filtration
M =M0 )M1 ) · · · )M r−1 )M r = 0
as ϕ-modules over E, namely, M i/M i+1 has a unique Frobenius slope si with s0 > s1 > · · · >
sr−1. We call s0 the maximal slope of M , and M/M
1 the maximal slope quotient of M .
(2) If M is a ϕ-∇-module over E, then the slope filtration as ϕ-modules is a filtration as ϕ-∇-modules
over E.
We use the notation above for the slope filtrations of ϕ-∇-modules over E.
2.2. Generalized series. In this subsection we assume that the residue field k of K is algebraically
closed for simplicity, and σ is a q-Frobenius on K for a positive power q of p such that the natural map
Kσ ⊗W (Fq) W (k)→ K
6 NOBUO TSUZUKI
is an isomorphism of fields, where W (k) is the Witt-vectors ring with coefficients in k. We also fix a
q-Frobenius ϕ on E and E† defined by
ϕ
(∑
n∈Z
ant
n
)
=
∑
n∈Z
σ(an)t
qn.
We introduce Hahn-Mal’cev-Neumann’s generalized power series rings E˜ , E˜† and give their fundamental
properties. These rings were studied in [24, Section 4] [25, Section 4] [29, Section 2]. Let us regard Q as
a well-ordered Abelian group with respect to the usual Archimedean order ≤, and define
• E˜ =
{∑
n∈Q ant
n
∣∣∣∣ an ∈ K, supn |an| <∞, |an| → 0 (asn→ −∞),the support set {n ∈ Q | |an| ≥ δ} is well-ordered for any δ ∈ |K×|.
}
• E˜† =
{∑
n∈Q ant
n ∈ E˜
∣∣∣ |an|ηn → 0 (asn→ −∞) for some 0 < η < 1.},
• k((tQ)) =
{∑
n∈Q ant
n
∣∣∣∣ an ∈ k,the support set {n ∈ Q | an 6= 0} is well-ordered.
}
• ϕ˜ : the q-Frobenius on E˜ (resp. E˜†) defined by
ϕ˜
∑
n∈Q
ant
n
 =∑
n∈Q
σ(an)t
qn.
Here the sum and the product in E˜ (resp. E˜†, resp. k((tQ))) are defined by∑
n ant
n +
∑
n bnt
n =
∑
n(an + bn)t
n∑
n ant
n ×
∑
n bnt
n =
∑
n
(∑
l+m=n albm
)
tn
which are well-defined by the following lemmas since K is a complete discrete valuation field. Indeed,
the boundedness of elements of E˜ and Lemma 2.5 (1) (resp. (2)) below implies the well-definedness of
products (resp. the existence of inverses for nonzero elements). The case of k((tQ)) is similar and it is
algebraically closed by [24, Proposition 1]. E˜† is a K-subalgebra (resp. a subfield) of E˜ by Lemma 2.6
(3), (4) (resp. (5) and Lemma 2.5 (3)).
Lemma 2.5. Suppose I, J are well-ordered subsets of Q.
(1) For any n ∈ Q, the set {(i, j) ∈ I × J | i+ j = n} is finite.
(2) The sets I ∪ J and I + J = {i+ j | i ∈ I, j ∈ J} are well-ordered.
(3) Suppose I ⊂ Q>0. If mI denotes the sum I+· · ·+I of m copies of I, then ∪m≥1nI is well-ordered.
Lemma 2.6. For an element a =
∑
n ant
n ∈ E˜, let us define a map Na : Z→ Q ∪ {∞} by
Na(l) = min{n ∈ Q | ordπ(an) ≤ l} ∪ {∞}.
Here π is a uniformizer of K, ordπ is an additive valuation of K normalized by ordπ(π) = 1, Q ∪ {∞}
is furnished with the standard order < such that n <∞ for all n ∈ Q, and n+∞ =∞+ n =∞ for any
n ∈ Q ∪ {∞}.
(1) If l ≥ m, then Na(l) ≤ Na(m).
(2) Nϕ(a)(l) = qNa(l) for any l ∈ Z.
(3) For a, b ∈ E˜, the inequality Nab(l) ≥ inf
i+j=l
(Na(i) + Nb(j)) holds for any l ∈ Z. Note that it is
sufficient to take only finite numbers of (i, j) ∈ Z × Z to compute the infimum above since the
coefficients of a and b are bounded and the valuation of K is discrete.
(4) For an element a ∈ E˜, the following are equivalent.
(i) a ∈ E˜†.
(ii) There exist c, d ∈ Q with d > 0 such that Na(l) ≥ c− dl for any l ∈ Z.
(iii) Na(l)/l is lower bounded on l > 0.
(5) Suppose a =
∑
n ant
n ∈ E˜† such that |an| ≤ 1 for all n ∈ Q and |an| < 1 for all n < 0. Then
there exists d ∈ Q>0 such that Na(l) ≥ −dl for all l ∈ Z. Moreover, Nam(l) ≥ −dl for any l.
Proof. (4) Let a =
∑
n ant
n ∈ E˜ . Suppose a ∈ E˜†. Then there exist C,D ∈ Q with D > 0 such that
ordπ(an) ≥ C −Dn for any n. Then Na(l) ≥ C/D − l/D for any l. The converse also holds. Hence we
have (i) ⇔ (ii). (ii) ⇒ (iii) is trivial. Since supn|an| <∞, the converse (iii) ⇒ (ii) holds. ✷
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Lemma 2.7. (1) E˜ is a complete discrete valuation field under the valuation∣∣∣∣∣∑
n
ant
n
∣∣∣∣∣ = supn |an|
with the residue field k((tQ)).
(2) E˜† is a discrete valuation field such that the completion under the valuation in (1) is E˜ and the
integer ring OE˜† is Henselian.
(3) The following is a commutative diagram of extensions of discrete valuation fields with the same
valuation group
ր E† → E˜†
K ↓ ↓
ց E → E˜
such that E˜† ∩ E = E† in E˜ and the natural morphism
E˜† ⊗E† E → E˜
is injective.
(4) The q-Frobenius endomorphisms act compatibly in the diagram above. If (−)ϕ denotes the ϕ-fixed
subset of (−), then
E˜ϕ˜ = (E˜
†)ϕ˜ = Eϕ = (E
†)ϕ = Kσ.
Proof. (1) E˜ is complete by Lemma 2.5 (2).
(2) We will prove OE˜† is Henselian. The rest is easy. Let f(x) = x
s + a1x
s−1 + · · · + as ∈ OE˜† [x]
be a monic polynomial such that the image f(x) of f(x) in k((xQ)) has a simple root α ∈ k((xQ)). We
may assume that α = 0. Since the residue field OE˜† is the algebraically closed field k((x
Q)), we may also
assume that f
′
(α) = 1. Let us take a unique element α in the integer ring OE˜ of E˜ such that f(α) = 0
and α (modmOE) = α = 0. Indeed, such an α exists because the integer ring OE˜ is complete. Let us
fix constants c, d ∈ Q with c ≤ 0, d > 0 such that Nai(l) ≥ c − dl for any l ∈ Z and all i by Lemma 2.5,
where a0 = 1 is the coefficient of x
n. Our claim is the inequality
Nα(l) ≥ −c+ (2c− d)l
for any l ∈ Z by induction on l. If l ≤ 0, then Nα(l) = ∞. Suppose the equality holds for l ≤ h. Then
there exist αh, β ∈ OE˜ with α = αh + π
h+1β such that Nαh(l) ≥ −c + (2c − d)l for any l ≤ h and
Nαh(h) = Nαh(h+ 1) = Nαk(h+ 2) · · · . Since
Nf(αh)(h+ 1) ≥ mini
Naiαs−ih
(h+ 1)
≥ min
i
min
l1 + l2 = h+ 1
l1, l2 ≥ 0
(
Nai(l1) +Nαs−i
h
(l2)
)
≥ min
i
min
l1 + l2 = h+ 1
l1, l2 ≥ 0
min
m1 + · · · +ms−i = l2
mj ≥ 0
(
Nai(l1) +
∑s−i
j=1Nαh(mj)
)
≥ min
c− dl1 − (s− i)c+ (2c− d)l2
∣∣∣∣∣∣∣∣∣∣
0 ≤ i ≤ s
l1 + l2 = h+ 1, l2 ≥ 0
l1
 ≥ 0 if i ≤ s− 2,> 0 if i = s− 1,
= h+ 1 if i = s

≥ −c+ (2c− d)(h+ 1)
by Lemma 2.6, the congruence f(αh) + π
h+1βf ′(αh) ≡ f(αh + πh+1β) ≡ 0 (modπh+2) implies an
inequality
Nπh+1β(h+ 1) ≥ −c+ (2c− d)(h+ 1).
Define αh+1 by αh+π
h+1β removing the terms whose coefficients are 0 modulo πh+2. Then αh+1 satisfies
Nαh+1(l) ≥ −c+(2c−d)l for any l ≤ h+1 and Nαh+1(h+1) = Nαh+1(h+2) = Nαh+1(h+3) · · · . Therefore,
α belongs to E˜† and OE˜† is Henselian.
8 NOBUO TSUZUKI
(3) We prove the injectivity. For b1, b2, · · · , br ∈ E , suppose a1b1+ · · ·+ arbr = 0 in E˜ for a1, · · · , ar ∈
E˜†. We may assume that the union of the support sets of a1, · · · , ar has a nontrivial intersection with Z.
Take subseries a′i =
∑
n∈Z ai,nt
n of ai =
∑
n∈Q ai,nt
n. Then a′i ∈ E
† for any i and a′1b1 + · · ·+ a
′
rbr = 0.
Hence b1, b2, · · · , br are linearly independent over E˜† if and only if they are linearly independent over E†.
(4) By the universal property of the Witt vectors ring, there exists a canonical isomorphism E˜ =
Kσ ⊗W (Fq) W (k((t
Q))) with respect to the q-Frobenius ϕ = idKσ ⊗ Frob
s where Frob is the p-Frobenius
of the Witt-vectors ring and q = ps. The rest easily follow from it. ✷
Remark 2.8. The field E˜ (resp. E˜†) plays a similar role with Γ2 (resp. Γ2,c) in [14, Section 4]. E˜
(resp. E˜†) is “larger” than Γ2 (resp. Γ2,c).
The following lemma is a generalization of [39, Proposition 2.2.2] which asserts the similar claim for
Frobenius equations over E†.
Proposition 2.9. Let a1, · · · , as be elements in OE˜† . Suppose y =
∑
n ynt
n ∈ E˜ satisfeis an Frobenius
equation
ϕ˜s(y) + a1ϕ˜
s−1(y) + · · ·+ asy = 0.
Then y belongs to E˜†.
Proof. We may assume that |y| = 1. Replacing y by tmy for a sufficient large m ≥ 0, we may assume
that |yn| < 1 for any n < 0 and that |ai,n| < 1 for any n < 0 where ai =
∑
n ai,nt
n. Then there exists
d ∈ Q with d > 0 such that Nai(l) ≥ −dl for any l ∈ Z, where d does not depend on i. Let us estimate
Naiϕs−i(y)(l)/l on l ∈ Z when ai 6= 0. If l is a sufficiently large positive integer, then
Naiϕs−i(y)(l)/l ≥
1
l
min
l1 + l2 = l
l1, l2 ≥ 0
(
Nai(l1) +Nϕs−i(y)(l2)
)
≥ min
0<l2≤l
{
−d+
Nϕs−i(y)(l2)
l2
}
∪ {−d}
by Lemma 2.6. Suppose there exists a positive integer m such that
(i) Ny(l)/l > Ny(m)/m for any l < m and
(ii) Ny(m)/m < −d.
If such an m does not exist, then Ny(l)/l is bounded on l > 0 and y ∈ E˜† by Lemma 2.5 (4). Since y
satisfies the given Frobenius equation, the following estimate
qsNy(m)/m = Nϕs(y)/m = Na1ϕs−1(y)+···+asy(m)/m ≥ −d+ q
s−1Ny(m)/m
holds. Then it implies Ny(m)/m ≥ −d/(qs−qs−1) ≥ −d and contradicts the hypothesis on m. Therefore
y ∈ E˜†. ✷
2.3. Opposite filtrations. Let us recall the opposite filtration in our context.
Proposition 2.10. (cf. [14, Proposition 5.5 (ii)])
(1) Let M be a unit-root ϕ-module over E, put M˜ = E˜ ⊗E M to be a ϕ˜-module over E˜. Then M˜ is
isomorphic to the trivial ϕ˜-module E˜⊕dimEM .
(2) Let N † be a unit-root ϕ-module over E†, put N˜ † = E˜† ⊗E† N
† to be a ϕ˜-module over E˜†. Then
N˜ † is isomorphic to the trivial ϕ˜-module (E˜†)⊕dimE†N
†
.
Proof. (1) Since the residue field k((tQ)) of E˜ is algebraically closed by [24, Proposition 1], it contains
an algebraic closure of the residue field k((t)) of E . Since E˜ is p-adically complete, the assertion holds by
the classification of F -spaces of Dieudonne´-Manin.
(2) Take a cyclic vector e of the ϕ-module N † [39, Lemma 3.1.4] and let A be a representation matrix
of the Frobenius ϕN† with respect to the basis e, ϕN†(e), ϕ
2
N†(e), · · · , ϕ
s−1
N†
(e), that is,
ϕN†
(
e, ϕN†(e), ϕ
2
N†(e), · · · , ϕ
n−1
N†
(e)
)
= (e, ϕN†(e), ϕ
2
N†(e), · · · , ϕ
n−1
N†
(e))A
A =

as
1 as−1
1 as−2
. . .
...
1 a1
 ∈ GLn(OE†).
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One can find a matrix Y ∈ GLn(E˜) such that Aϕ(Y ) = Y by (1). If we put Y −1 = (zi,j), then
ϕ(zi,j) = zi,j+1 (1 ≤ j ≤ s− 1), ϕ(zi,s) = a1zi,s + a2zi,s−1 + · · ·+ aszi,1.
Hence zi,1 satisfies the Frobenius equation
ϕn(zi,1) = a1ϕ
s−1(zi,1) + a2ϕ
n−2(zi,1) + · · ·+ aszi,1
for any i. Since the unit-root condition implies a1, · · · , as ∈ OE† and |as| = 1, we have zi,s is included in
E˜† by Proposition 2.9 and so that Y ∈ GLn(E˜†). Therefore, N˜ † is a trivial ϕ˜-module over E˜†. ✷
Proposition 2.11. (cf. [14, Proposition 5.5]) Let N † be a ϕ-module over E†, put N˜ † = E˜† ⊗E† N
† to be
a ϕ˜-module over E˜†. Then there is a filtration
0 = N˜ †0 ( N˜
†
1 ( · · · ( N˜
†
r = N˜
†,
of N˜ † satisfying
(i) N˜ †i /N˜
†
i−1 is pure of slope λi;
(ii) λ1 > λ2 · · · > λs.
Moreover, if N = N0 ) N1 ) · · · ) N r = 0 be a slope filtration of N = E ⊗E† N
†, then s = r and
E˜ ⊗E˜† N˜
†
i /N˜
†
i−1
∼= E˜ ⊗E N
i−1/N i
for all i as ϕ˜-modules over E˜. Such an increasing filtration {N˜ †i } is called the opposite slope filtration of
N˜ †.
Proof. Since the residue field k((tQ)) of the complete discrete valuation field E˜ is algebraically closed,
we have a decomposition N˜ = E˜ ⊗E† N
† ∼= ⊕iE˜ ⊗E N i−1/N i as ϕ˜-modules. Then the assertion follows
from Lemma 2.12 below. ✷
Lemma 2.12. (cf. [14, Corollary 5.7] (i)) Let N˜ † be a nonzero ϕ˜-module over E˜†, λ1 the maximal slope
of N˜ , and N˜ = N˜1⊕N˜
′ where N˜1 is the ϕ˜-submodule of N˜ exactly of slope λ1, and N˜
′ is the ϕ˜-submodule
of N˜ whose slopes are strictly less than λ1. If η : N˜
† → N˜ ′ is the natural E˜†-homomorphism defined by
N˜ † ⊂ N˜ → N˜/N˜1 = N˜ ′, then Ker(η) is a ϕ˜-submodule of N˜ † over E˜† such that E˜ ⊗E˜† Ker(η) = N˜1.
Proof. It is sufficient to prove Ker(η) 6= 0. Since K ′⊗KKer(η) = Ker(idK′⊗η) for a finite extension K ′
of K with an extension of the q-Frobenius σ, we may assume |q|λ ∈ |K| by Lemma A.1 (3) in Appendix
A. Hence we may assume that the maximal slope λ of N˜ is 0. Suppose m ∈ N˜ \{0} satisfies ϕN˜ (m) = m.
Such an m exists by Proposition 2.10 (1) since N˜ † 6= 0 and λ = 0. Then Lemma 2.9 implies m ∈ N˜ †.
Indeed, take a cyclic vector e of the dual (N˜ †)∨ of N˜ † and B ∈ GLs(E˜†) is the representation matrix of
Frobenius ϕ(N˜†)∨ with respect to the basis e, ϕ(N˜†)∨(e), · · · , ϕ
s−1
(N˜†)∨
(e). Then all entries of B belongs to
OE˜† since all slopes of the dual N˜
∨ of N˜ is ≥ 0. If we use the dual basis of e, ϕ(N˜†)∨(e), · · · , ϕ
s−1
(N˜†)∨
(e) as
a basis of N˜ †, then the representation matrix of ϕN˜† is
tB−1 where tB−1 means the transposition of the
matrix B−1. Then, by the similar way of the proof of Proposition 2.10 (2), one can prove m belongs to
N˜ † by Lemma 2.9. Since all slopes of N˜ ′ is strictly less than 0, we have η(m) = 0. ✷
Theorem 2.13. (cf. [14, Corollary 5.7]) Let N † be a ϕ-module over E†, put N˜ † = E˜† ⊗E† N
† to be a
ϕ˜-module over E˜† with the opposite slope filtration
0 = N˜ †0 ( N˜
†
1 ( · · · ( N˜
†
r = N˜
†,
and η˜ : N˜ † → E˜ a nonzero injective E˜†-homomorphism such that η˜ ◦ ϕN˜† = ϕ˜ ◦ ϕ˜
∗(η˜). Then the slope of
N˜ †1 is 0 and dimE˜†N
†
1 = 1.
Proof. Since there exists a nonzero morphism E˜ ⊗E˜† N˜
†
1 → E˜ of ϕ-modules over E˜ , the slope of N˜
†
1 should
be 0. Then N˜ †1 has a basis e1, · · · , en1 over E˜
† such that ϕN˜†(ei) = ei for 1 ≤ i ≤ n1 by Proposition 2.10
(2). Then
η˜(1⊗ ei) ∈ E˜ϕ = Kσ.
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for any i by the commutativity of Frobenius and Lemma 2.7 (2). Since η˜ is injective, the equality
dimE˜†N˜
†
1 = 1 holds. ✷
Now we assume the residue field k of K is a perfect field of characteristic p and σ is a q-Frobenius on
K without any extra condition.
Theorem 2.14. Let N † be a ϕ-∇-module over E†, and M a ϕ-∇-module over E such that M has a
unique slope. Let η : N † →M be an injective E†-homomorphism which is compatible with Frobenius and
connections. If η(N †) generates M as an E-space, then the maximal slope of N coincides with the slope
of M and the equality dimEN/N
1 = dimEM holds.
Proof. Since the maximal slope and its dimension are stable under the scalar extension, we may assume
that k is algebraically closed and the natural mapKσ⊗W (Fq)W (k)→ K is an isomorphism by Lemma A.1
(2) in Appendix A. Since the category ΦM∇E† is independent of the choice of q-Frobenius ϕ with respect to
σ [41, Theorem 3.4.10], we may assume that ϕ(t) = tq. We may also assumeM is unit-root. Indeed, if s is
the slope ofM , then one can find a finite extensionK ′ of K such that the q-Frobenius σ extends on L and
there exists an element b ∈ K ′σ with |b| = |q|
s by Lemma A.1 (3). Put M˜ = E˜ ⊗EM, N˜ † = E˜†⊗E†N
†. The
injectivity of the natural map E˜† ⊗E† E → E˜ by Lemma 2.7 (3) implies the homomorphism η˜ : N˜
† → M˜
induced by η : N † → M is injective. Therefore, the assertion follows from Theorem 2.13 since M˜ is
isomorphic to E˜⊗dimEM as ϕ˜-modules by Proposition 2.10 (1) and dimEN/N1 = dimE˜†N˜
†
1 by Proposition
2.11. ✷
3. PBQ overconvergent F -isocrystals
We introduce the notion of the PBQ filtration for overconvergent F -isocrystals on a smooth curve.
The notion has been already defined for local objects, ϕ-∇-modules, by B.Chiarellotto and the author
in [9] in order to give a necessary condition of ϕ-∇-modules over E which satisfies Dwork’s conjecture of
logarithmic growth. We will globalize the notion of PBQ modules in this section. Suppose the residue
field k of K is perfect.
3.1. Settings. At first we fix our situation (see the brief introduction of †-algebras, their Frobenius
endomorphisms and (over)convergenetF -isocrystals in Appendix A). Let C be an affine smooth connected
curve over Spec k and C the smooth completion of C over Spec k with an open immersion jC : C → C.
Take a projective smooth lift C of C over SpecR [21, III, Corollaire 7.4] and put C = SpecAC ⊂ C to be
a smooth affine lift of C. Let us fix a finite morphism C → P1R over SpecR which is etale on C (such a
map always exists after shrinking C), and choose a coordinate x of the projective line P1R over SpecR.
Let Ĉ be the p-adic formal completion of C, consider the projective smooth rigid analytic space ]C[̂C= Ĉ
an
over SpmK which is Raynaud’s generic fiber of Ĉ, and denote the sheaf of overconvergent functions on
C along C \ C by j†CO]C[̂C
. Let us put
A†C,K = A
†
C ⊗R K = Γ(]C[̂C , j
†
CO]C[̂C
) where A†C is the p-adically weak completion of AC
ÂC,K = ÂC ⊗R K = Γ(]C[̂C , j
†
CO]C[̂C
) where ÂC is the p-adically formal completion of AC .
Then A†C and ÂC are independent of the choice of the lift C of C [44, Proposition 2.4.4 (i)] up to R-
isomorphisms, and are Noetherian integral domains by [20, Theorem]. Since Ĉ → P̂1R is formally etale,
there exist a q-Frobenius ϕ : ÂC,K → ÂC,K such that ϕ|K = σ and A
†
C,K is stable under ϕ (see Lemma
A.2), and a continuous derivation ddx on A
†
C,K and ÂC,K . We define a p-adic function field Eη by
Eη = the p-adic completion of the localization (AC)m with tensoring ⊗K.
Here η means the generic point of C. Eη is an extension of complete valuation fields over K having the
same valuation group with K, and the Frobenius ϕ and the derivation ddx extend uniquely on Eη. For
a closed point α ∈ C, let us denote the function field of α by kα and the canonical closed immersion by
iα,C : α→ C, a lift of coordinate over Spf R at α by xα ∈ ÔC , and Kα the finite unramified extension of
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K with the integer ring Rα and the residue field kα. Then we have two natural commutative diagrams
ÂC,K → Kα[[xα]]0
∩ ∩
Eη → Eα
A†C,K → A
†
C\{α},K → E
†
α
∩ ∩ ∩
ÂC,K → ÂC\{α},K → Eα
where Eα, E
†
α,Kα[[xα]]0 are introduced in the section 2. Moreover, the q-Frobenius ϕ and the derivation
on ÂC,K (resp. A
†
C,K) extend uniquely on all items in the diagrams above.
We also study partially weakly complete finitely generated (w.c.f.g.) algebras which we will use in the
proof of the main theorem in section 5. See the detail in Appendix A.3. Let V = SpecAV be an affine
open subscheme of C such that V = V ×SpecR Spec k includes C with the open immersion jC,V : C → V
and that α ∈ V \ C is defined by a single element y ∈ AV modulo mAV . Fix the p-adic norm || − || on
ÂV which is defined by ||a|| = |π|e if a ∈meÂV \me+1ÂV and ||0|| = 0 if a = 0, where π is a uniformizer
of K. Let
ÂV [z]
† =
{
∞∑
n=0
anz
n
∣∣∣∣∣ ||an||λn → 0 asn→∞ for some λ > 1
}
be the weak completion of ÂV [z] with respect to mÂV and define an ÂV -algebra Â
†
C,V by
Â†C,V = ÂV [z]
†/(yz − 1).
Then Â†C,V is a w.c.f.g. algebra over (ÂV ,mÂV ) and hence it is Noetherian [20, Theorem]. The q-
Frobenius on ÂV uniquely extends on Â
†
C,V and there is a natural isomorphism
Γ(]V [̂C
, j†CO]C[̂C
) ∼= Â
†
C,V ⊗R K =: Â
†
C,V,K
of ÂV,K-algebras by Lemma A.6 in Appendix A.3.
Lemma 3.1. With the notation as above, let α be a closed point in V \ C. Consider the natural com-
mutative diagram
Â†C∪{α},V,K → Â
†
C,V,K → Â
†
C,V \{α},K
↓ ↓ ↓
Kα[[xα]]0 → E†α → Eα.
(1) Three vertical morphisms above are flat.
(2) Â†C∪{α},V,K → Â
†
C,V,K is flat and Â
†
C,V,K → Â
†
C,V \{α},K is faithfully flat.
(3) The equality Â†C∪{α},V,K = Kα[[xα]]0 ∩ Â
†
C,V,K (resp. Â
†
C,V,K = E
†
α ∩ Â
†
C,V \{α},K) holds in E
†
α
(resp. Eα).
(4) The natural morphism Kα[[xα]]0 ⊗Â†
C∪{α},V,K
Â†C,V,K → E
†
α (resp. E
†
α ⊗Â†C,V,K
Â†C,V \{α},K → Eα)
is an isomorphism.
Proof. Shrinking C ⊂ V , we may assume that C = V \ {α} and that there exists an element of
tα ∈ AV such that tα (modm) generates the maximal ideal of α in AV by Tate’s acyclic theorem and
the fact that ]V [̂C
is quasi-separated and quasi-compact. In this case ÂV = ÂC∪{α} = Â
†
C∪{α},V,K and
ÂC,K = Â
†
C,V \{α},K .
(1) Since Rα[[xα]] is the xα-adic completion of ÂV , Kα[[xα]]0 is flat over ÂV . The rest is trivial.
(2) Since Â†C∪{α},V,K = Γ(]V [̂C
, j†C∪{α}O]C[̂C
)→ Γ(]C[̂C , j
†
C∪{α}O]C[̂C
) = ÂC,K is flat, we have only to
prove Â†C,V,K → ÂC,K is faithfully flat. The faithful flatness holds because the m-adic topological ring
Â†C,V is a Zariski ring. Indeed, any element in 1 +mÂ
†
C,V is a unit in Â
†
C,V so that any maximal ideal
of Â†C,V includes mÂ
†
C,V .
(3) We may assume that α is k-rational by gluing of sections of rigid analytic spaces since ÂC,K ∩
Â†Cl,Vl,L = Â
†
C,V,K by the equality Â
†
Cl,Vl,L
= Â†C,V,K ⊗K L for any base change by a finite unramified
extension L of K with the residual extension l of k and Cl = C ×Speck Spec l, Vl = V ×Speck Spec l. Then
we have only to prove the equality
ÂV,K = Kα[[xα]]0 ∩ ÂC,K .
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Indeed, the equality above implies Â†C,V,K = E
†
α ∩ ÂC,K because, for h =
∑
n cnx
n
α in Eα (resp. E
†
α), the
minus part h(−) =
∑
n<0 cnx
n
α belongs to ÂC,K (resp. Â
†
C,V,K). In order to verify the desired equality it
is sufficient to prove
ÂV = R[[xα]] ∩ ÂC
which follows from
Γ(V,OC) = {f ∈ Γ(C,OC) | vα(f) ≥ 0}
since all items are p-adically complete. Here vα is a valuation of the function field k(C) of C at α.
(4) The surjectivities of both morphisms hold by the argument of minus-parts of the series in Eα
(resp. E†α) as in the proof of (3). Since ÂV,K → Kα[[xα]]0 is flat by (1) and the natural morphisms
Â†C,V,K → ÂC,K and E
†
α → Eα are injective, it is sufficient to prove Kα[[xα]]0 ⊗ÂV,K ÂC,K → Eα is
injective in order to prove the desired injectivity of both morphisms. Then we have only to prove that
the morphism Rα[[xα]] ⊗ÂV ÂC → OEα is injective. It follows from the fact that all items are p-adically
complete and the natural morphism kα[[xα]]⊗Γ(V,OC) Γ(V \ {α},OC)→ kα((xα)) is bijective. ✷
Lemma 3.2. (1) ÂC,K = ∩
α ∈ C
a closed point
Eη ∩Kα[[xα]]0.
(2) A†C,K = ∩
α ∈ C \ C
a closed point
E†α ∩ ÂC,K = ∩
α ∈ C
a closed point
Eη ∩Kα[[xα]]0
⋂
∩
α ∈ C \ C
a closed point
Eη ∩ E†α.
Proof. (1) Since all the items are p-adically complete, it is sufficient to prove AC/mAC = ∩α∈Ck(C)∩
kα[[xα]]. Here k(C) is the field of functions of C. It holds because AC/mAC is a normal integral domain.
(2) It follows from (1) and Lemma 3.1 (3). ✷
3.2. Frobenius slope filtration. Let M† be an overconvergent F -isocrystal on C/K, and put
M † = Γ(]C[̂C
,M†), M = ÂC,K ⊗A†C,K
M † = Γ(]C[̂C
,M)
Mη = Eη ⊗ÂC,K M,
M †α = E
†
α ⊗A†C,K
M †, Mα = E ⊗ÂC,K M for a closed point α of C.
M † is a projective A†C,K-module of finite rank with a K-connection ∇M† :M
† →M †⊗AC Ω
1
AC/R
and an
isomorphism ϕM† : ϕ
∗M † →M † which is called Frobenius such that (ϕM† ⊗ ϕ) ◦ ϕ
∗∇M† = ∇M† ◦ ϕM† .
The similar hold for the ÂC,K-module M and the Eη-space Mη. There are various natural isomorphisms
ÂC,K ⊗A†C,K
M † ∼=M, Eη ⊗ÂC,K M
∼=Mη,
E†α ⊗A†C,K
M † ∼=M †α, Eα ⊗ÂC,K M
∼= Eα ⊗Eη Mη ∼=Mα,
Eα ⊗E†α M
†
α
∼=Mα
of ϕ-∇-modules.
Proposition 3.3. (See [29, Remark 1.7.8], [8, Theorem 2.4], and Proposition 2.4.) There exists a slope
filtration {M iη} of Mη with respect to Frobenius ϕMη as ϕ-∇-modules over Eη such that {Eα ⊗Eη M
i
η}
coincides with the slope filtration {M iα} of Mα with respect to Frobenius ϕMα .
3.3. Generic disc. Let B be one of Eη and Eα for a closed point α in C, and put ∗ = η or α respectively.
We recall the notion of generic open unit disc (see [10, 2.5, 4.1, 4.6] and [8, 0.4]). Let Bτ be the complete
discrete valuation ring which is isomorphic to B, but the coordinate x∗ is replaced by t∗ in B
τ for
∗ = η or α, where x∗ = x for ∗ = η. Then Bτ is also an extension of K as a complete discrete valuation
field with the same valuation groups. We introduce two Bτ -algebras Bτ [[X − t∗]]0 and ABτ (t∗, 1), called
the ring of bounded functions on the unit open generic disc and a ring of analytic functions on the unit
open generic disc respectively as follows:
Bτ [[X − t∗]]0 = {
∑
n an(X − t∗)
n ∈ Bτ [[X − t∗]] | supn|an| <∞} ,
ABτ (t∗, 1) =
{∑
n an(X − t∗)
n ∈ Bτ [[X − t∗]]
∣∣∣∣ ∑n an(X − t∗)n is convergenton |X − t∗| < 1
}
.
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For an element f ∈ B, we put
f τ =
∞∑
n=0
dnf
dxn
(t∗)
(X − t∗)
n
n!
where a(t∗) = a|x∗=t∗ ∈ B
τ for a ∈ B. We define a q-Frobenius ϕτ on Bτ [[X − t∗]]0 ⊂ ABτ by
ϕτ |Bτ = ϕ under the isomorphism Bτ → B (t∗ 7→ x∗)
ϕτ (X − t∗) = ϕ(x∗)τ − ϕτ (t∗).
Since ϕ(x∗)
τ − ϕτ (t∗) ∈ (X − t∗)Bτ [[X − t∗]]0, ϕτ is well-defined.
Lemma 3.4. The application f 7→ f τ is a K-algebra homomorphism such that
(i) ( dfdx∗ )
τ = df
τ
dX ;
(ii) ϕ(f)τ = ϕτ (f τ ).
Let M be a ∇-module (resp. a ϕ-∇-module) M over B. We define a ∇-module (resp. a ϕ-∇-module)
M τ over Bτ [[X − t∗]]0 associated to M by
M τ = Bτ [[X − t∗]]0 ⊗B M
∇Mτ (a⊗m) = a⊗∇M (m) +
da
dX ⊗mdX
(resp. ϕMτ (a⊗m) = ϕ
τ (a)⊗ ϕM (m) ).
If the matrix representation of the connection ∇M of M of arbitrary order is given by
∇M
(
d
dx∗
)n
(e1, · · · , es) = (e1, · · · , es)Cn Cn ∈Ms(B)
for any nonnegative integer n, where C0 is a unit matrix, then the connection of M
τ is given by
∇Mτ (1⊗ e1, · · · , 1⊗ es) = (1 ⊗ e1, · · · , 1⊗ es)C
τ
1 dX.
Hence the solution matrix of M τ , which is called the generic solution matrix of M at the generic point
t∗, is
Y =
∞∑
n=0
Cn(t∗)
(X − t∗)n
n!
.
Definition 3.5. Let M be a ∇-module over B.
(1) M is said to be solvable if, for any 0 < η < 1,∣∣∣∣ 1n!Cn
∣∣∣∣ ηn → 0 as n→∞.
Equivalently, M is solvable if all entries of the solution matrix Y above belong to ABτ (t∗, 1).
(2) M is bounded if M is solvable and satisfies
sup
n
∣∣∣∣ 1n!Cn
∣∣∣∣ <∞.
Equivalently, M is bounded if all entries of the solution matrix Y above belong to Bτ [[X − t∗]]0.
Proposition 3.6. The notion of solvability (resp. boundedness) of ∇-modules over B does not depends
on the choice of basis e1, · · · , es of M and the choice of coordinate x∗.
Proof. The independence of the choice of basis follows from the fact that the map f 7→ f τ preserves
units. The independence of coordinates follows from the fact that the formal lift ÂC of AC is independent
of the choices up to continuous isomorphisms. Hence, for another choice of coordinate x′∗, one has a
continuous isomorphism Bx′∗
∼= Bx∗ so that B
τ
x′∗
[[X ′−t′∗]]0
∼= Bτx∗ [[X−t∗]]0 and ABτx′∗
(t′∗, 1)
∼= ABτx∗ (t∗, 1).
Here Bx′∗ is the differential field with coordinate x
′
∗. ✷
Proposition 3.7. The category of solvable (resp. bounded) ∇-module over B is Abelian, and it is closed
under tensor products and duals.
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Proof. One can easily see the existence of duals follows from the solvable ∇-module over B is bounded.
The boundedness follows from [8, Lemma 1.7]. ✷
Because one can choose the coordinate xα at α as a coordinate of Eη, Proposition 3.6 implies the
proposition below.
Proposition 3.8. Let Mη be a ∇-module over Eη. Mη is solvable (resp. bounded) if and only if so is
Eα ⊗Eη Mη for a closed point (all closed points) α of C.
3.4. Bounded ϕ-∇ modules. In this subsection we study properties of bounded ϕ-∇-modules over
B = Eη or Eα. At first we recall a well-known fact (see [8, Theorem 6.6] for example).
Proposition 3.9. Let M be a ϕ-∇-module over B. Then the following hold.
(1) M is solvable.
(2) If M is unit-root, then M is bounded.
The following theorem is a characterization of bounded ϕ-∇-modules. Chiarellotto and the author
proved it in the local case, i.e., B = Eα in [9, Theorem 4.1]. Here we prove the assertion in the case where
B = Eη by using the local result.
Theorem 3.10. Let M be a ϕ-∇-module over B with the slope filtration {M i}. Then M is bounded if
and only if M ∼= ⊕iM i/M i+1 as ϕ-∇-modules over B.
Let us define the p-adic completion Êperfη of the perfection of the residue field of Eη by
Êperfη = the p-adic completion of lim→
(
Eη
ϕ
→ Eη
ϕ
→ · · ·
)
.
One can regard Êperfη as a subfield of E˜α in Section 2 by the natural embedding of direct systems(
Eη
ϕ
→ Eη
ϕ
→ · · ·
)
→
(
E˜α
ϕ
→ E˜α
ϕ
→ · · ·
)
.
Lemma 3.11. With the notation as above, Eη = Ê
perf
η ∩ Eα in E˜α for any closed point α ∈ C.
Proof. Fix an algebraic closure k(C)alg of k(C). Denote the perfection of (−) by (−)perf , vα the
valuation of k(C)alg at α, and k(C)α the vα-adic completion of k(C). Since all the items are p-adically
complete discrete valuation fields with the same valuation group, the assertion follows from the fact
k(C) = k(C)perf ∩ k(C)α
where the intersection is taken in (k(C)α)
perf . Indeed, let D : k(C)→ k(C) be the derivation induced by
the standard derivation of k(P1k) and the finite separable morphism C → P
1
k. Then the p-power subfield
k(C)p of k(C) is the kernel of D since [k(C) : k(C)p] = p. On the other hand, D extends on k(C)α and,
if u belongs to (k(C)α)
p, then D(u) = 0. Hence
k(C)p = k(C) ∩ (k(C)α)
p.
The desired equality easily follows. ✷
Proof of Theorem 3.10. Let A =
 A11 · · · A1r. . . ...
0 Arr
 be the representation matrix of Frobenius
ϕMη with respect to the slope filtration of Mη. Since Ê
perf
η is p-adically complete, one has a unique
solution X which is a upper triangle matrix with entries in Êperfη satisfying
Aϕ(X) = X
 A11 0. . .
0 Arr
 X =
 E ∗. . .
0 E

because all the slopes of Ai’s are different. Here E denotes the unit matrix of certain size. On the other
hand we know X ∈ Mn(Êperfη ) ⊂ Mn(E˜α) belongs to Mn(Eα) by [9, Theorem 4.1]. Hence X belongs to
Mn(Eη) by Lemma 3.11. ✷
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3.5. Maximally bounded quotients. The following theorem was studied using p-adic functional anal-
ysis in [10, §4.3]. In this paper we use the assertion only in the case with Frobenius structure so that we
give a simple proof in the case of ϕ-∇-modules here.
Theorem 3.12. [10, Theoreme 4.3,5] Let M be a solvable ∇-module over B. Then there exists a unique
minimal ∇-submoduleM b of M over B such that M/M b is nonzero and bounded. Here “minimal” means,
if N is a ∇-submodule of M over B such that M/N is bounded, then M b ⊂ N . Moreover, if M is a
ϕ-∇-module over B, then M b is a ϕ-∇-submodule of M over B.
Proof. Let I be a set of ∇-submodules over B of M such that, for any N ∈ I, M/N is bounded. Our
claim in the first part is (i) ∩N∈IN ∈ I and (ii) I ) {M}. Suppose N1, N2 ∈ I. Since the natural
morphism M/(N1 ∩ N2) → M/N1 ⊕M/N2 is injective, M/(N1 ∩ N2) is bounded so that N1 ∩ N2 ∈ I.
Hence the finite dimensionality of M implies the claim (i). In the case where M is an ϕ-∇-module over
B the claim (ii) follows from Propositions 3.3 and 3.9. In general case it was proved in [10, Proposition
4.3.4].
If M is ϕ-∇-module over B, then M/ϕ∗M b ∼= ϕ∗(M/M b) is also bounded, hence ϕ∗M b ∈ I. Com-
paring with the dimensions, we have ϕ∗M b = M b. Hence, M b is a ϕ-∇-submodule of M . (See also [8,
Proposition 4.8].) ✷
Definition 3.13. For a solvable ∇-module M over B, the unique nontrivial quotient M/M b is called the
maximally bounded quotient of M .
The following theorem is a bounded version of [8, Proposition 1.10] which implies the stability of
logarithmic growth filtrations by scalar extensions.
Proposition 3.14. Let Mη be a solvable ∇-module over Eη, α a closed point in C and choose the
coordinates x of ÂC and xα of Eα such that x = xα. If one defines Eτη -spaces Sol(M
τ
η ) and Sol(M
τ
η ) by
Sol(M τη ) =
{
f :M τη → AEτη (tη, 1)
∣∣∣∣ f is Eτη [[X − t∗]]0-linear such thatf(∇( ddX )(m)) = ∇( ddX )(f(m))
}
Sol0(M
τ
η ) =
{
f :M τη → E
τ
η [[X − tη]]0
∣∣∣∣ f is Eτη [[X − t∗]]0-linear such thatf(∇( ddX )(m)) = ∇( ddX )(f(m))
}
and defines Eτα-spaces Sol(M
τ
α) and Sol0(M
τ
α) for the solvable ∇-module Mα = Eα ⊗Eη Mη over Eα
similarly, then we have an isomorphism
Sol0(M
τ
α)
∼= Eτα ⊗Eτη Sol0(M
τ
η ).
under the natural isomorphism Sol(M τα)
∼= Eτα ⊗Eτη Sol(M
τ
η ).
Note that, if the matrix representation of Mη is as in Definition 3.5, then there are natural E
τ
∗ -
isomorphisms
Sol(M τη )
∼= {y ∈ AsEτη (tη, 1) |
dy
dX = yC
τ}
∪ ∪
Sol0(M
τ
η ) = {y ∈ E
τ
η [[X − tη]]
s
0 |
dy
dX = yC
τ}
and the same for Mα.
Proof of Proposition 3.14. Since the natural map Eτα ⊗Eτη Sol0(M
τ
η ) → Sol0((Eα ⊗Eη Mη)
τ ) is an
injection of Eτα-spaces, it is sufficient to prove that, if any linear combination of f1, · · · , fl ∈ Sol(M
τ
η ) over
Eτη is not contained in f1, · · · , fl ∈ Sol0(M
τ
η ), then any linear combination of f1, · · · , fl over E
τ
α is not
contained in Sol0((Eα ⊗Eη Mη)
τ ). Consider a linear sum c1f1 + · · · + clfl for some c1, · · · , cr ∈ Eτα. We
will show that the linear sum does not belong to Sol0((Eα ⊗Eη Mη)
τ ). Let V be an Eτη -subspace of E
τ
α
generated by c1, · · · , cr, and d1, · · · , dm a basis of V over Eτη . Then
c1f1 + · · ·+ clfl = d1g1 + · · ·+ gmdm
for some g1, · · · , gm ∈ Sol(M τη ). By our hypothesis either gi is not contained in Sol0(M
τ
η ) or gi = 0 for all
i. Since V is a finite dimensional topological vector space over the completely topological field Eτη , the
topology of V induced by the norm of Eτα coincides with the product topology induced by the isomorphism
V ∼= Eτηd1 ⊕ · · · ⊕E
τ
ηdm. If c1f1 + · · ·+ clfl is bounded, then the sequence g1,nd1 + · · ·+ gm,ndm in n is
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bounded in V where gi =
∑
n gi,n(X − tη)
n. This holds only in the case where gi = 0 for all i. Hence we
complete the proof. ✷
Corollary 3.15. With the notation as in Theorem 3.14, there is a natural isomorphism
(Eα ⊗Eη Mη)
b ∼= Eα ⊗Eη M
b
η
as ϕ-∇-modules over Eα.
3.6. Generic PBQ filtrations.
Definition 3.16. A ϕ-∇-module over B is said to be PBQ (pure of bounded quotient) if the maximally
bounded quotient M/M b has a unique Frobenius slope. Note that the slope of M/M b is the maximal slope
of M by Proposition 3.9 (2).
Lemma 3.17. (1) If M1 and M2 are PBQ ϕ-∇-modules over B of a same maximal slope, then so
is the direct sum M1 ⊕M2.
(2) Let θ : M → N be a surjection of ϕ-∇-module over B. If M is PBQ and N 6= 0, then N is also
PBQ of the same maximal slope with M .
Proof. The assertions easily follow from the definition. ✷
Proposition 3.18. Let M be a ϕ-∇-module over B, and N a unit-root ϕ-∇-module over B. Then M
is PBQ if and only if M ⊗B N is PBQ.
Proof. On the generic disc the unit-root object is trivial as differential modules, that is, there exists
an F -space N τ,0 over Bτ such that N τ ∼= N τ,0 ⊗Bτ Bτ [[X − tη]]0. Since N τ is a direct sum of dimBN
copies of M τ as differential modules, the bounded solutions of (M ⊗B N)τ are dimBN copies of those of
M τ . Hence (M ⊗B N)/(M ⊗B N)
b ∼= (M/M b)⊗B N . Therefore, the assertion holds. ✷
Theorem 3.19. ([9, Corollary 5.5] in the case of Eα.) Let M be a ϕ-∇-module over B. Then there exists
a unique increasing filtration
0 = P0 ( P1 ( P2 ( · · · ( Pr =M
as ϕ-∇-modules over B such that
(i) Pi/Pi−1 is PBQ;
(ii) if λi is the maximal slope of Pi, then λ1 > λ2 > · · · > λr.
Moreover, if an increasing filtration of M satisfies the conditions (i), (ii), then it coincides with the
filtration {Pi}. The filtration {Pi} is called the PBQ filtration of M .
Proof. We prove the assertion by induction on the dimension of M . If M/M b has only one slope,
then M is PBQ. If M/M b has several Frobenius slopes, then one obtain the maximal ϕ-∇-submodule
M ′ such that the image of M ′ →M/M b coincides with the direct summand of maximal slope of M/M b
by Proposition 3.10. Applying the induction hypothesis to M ′ we has a nontrivial submodule P1 of M
′
which is PBQ and the image of P1 → M/M b coincides with the direct summand of maximal slope of
M/M b. Applying the induction hypothesis to the quotient M/P1 again, we has a desired filtration of M .
Now we prove the uniqueness. Let P1 and P
′
1 be first steps of two filtrations satisfying the conditions
(i) and (ii). Consider Q = P1 + P
′
1 in M which is the image of P1 ⊕ P
′
1 → M . If Q 6= P1, then the
nontrivial surjection P ′1 → Q/P1 contradicts to the hypothesis that P
′
1 is PBQ with the maximal slope λ1
by Lemma 3.17 (2) since there is an isomorphism M/M1 ∼= P/P 1 of the maximal slope quotients. Hence
Q = P1 = P
′
1. ✷
Definition 3.20. The PBQ ϕ-∇-module P1 of the first step of the PBQ filtration of M in Theorem 3.19
above is called the maximally PBQ submodule of M . The same notion will be defined for ϕ-∇-modules
over E†α,Kα[[xα]]0 and for overconvergent F -isocrystals on C/K.
Theorem 3.21. Let Mη be a ϕ-∇-modules over Eη, and α a closed point in C.
(1) Mη is PBQ if and only if Eα ⊗Eη Mη is PBQ .
(2) If {Pη,i} is the PBQ filtration of Mη, then {Eα ⊗Eη Pη,i} is the PBQ filtration of Eα ⊗Eη Mη.
Proof. (1) follows from Corollary 3.15.
(2) follows from the uniqueness of PBQ filtrations and Proposition 3.3. ✷
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3.7. PBQ filtrations over K[[x]]0. What we deal are only local objects in this subsection, so we drop
the subscript α from the notation xα, Eα, E
†
α as in Section 2. We recall the fact that the PBQ filtrations
over E descend to those over K[[x]]0.
Definition 3.22. (1) [9, Definition 5.1] A ϕ-∇-moduleM0 over K[[x]]0 is said to be PBQ if E⊗K[[x]]0
M0 is PBQ.
(2) [37, Section 12] A ϕ-∇-module M † over E† is said to be PBQ if E ⊗E† M
† is PBQ.
Theorem 3.23. (1) [9, Theorem 5.6] Let M0 be a ϕ-∇-module over K[[x]]0. Then then there exists
a unique filtration {P0,i} of M0 as ϕ-∇-modules over K[[x]]0 such that {P0,i} is a K[[x]]0-lattice
of the PBQ filtration of E ⊗K[[x]]0 M0. {P0,i} is also called the PBQ filtration of M0.
(2) [37, Thoerem 12.7] Let M † be a ϕ-∇-module over E†. Then then there exists a unique filtration
{P †i } of M
† as ϕ-∇-modules over E† such that {P †i } is a E
†-lattice of the PBQ filtration of
E ⊗E† M
†. {P †i } is also called the PBQ filtration of M
†.
In particular, an irreducible ϕ-∇-module over K[[x]]0 (resp. E†) is PBQ.
For a ∇-module M0 over K[[x]]0 we define a K-space of solutions by
Sol(M0) =
{
f : M0 → AK(0, 1)
∣∣∣∣ f is K[[x]]0-linear homomorphism such thatd
dxf(m) = f
(
∇( ddx)(m))
)
for any m ∈M0.
}
where AK(0, 1) is analytic on the open unit disk |x| < 1, and define a K-space of bounded solutions by
Sol0(M0) =
{
f : M0 → K[[x]]0
∣∣∣∣ f is K[[x]]0-linear homomorphism such thatd
dxf(m) = f(∇(
d
dy )(m)) for any m ∈M0
}
If E⊗K[[x]]0M0 is solvable, then dimK Sol(M0) = rankK[[x]]0M0 by Christol transfer theorem [11, The´ore`me
2]. Moreover, Sol(M0) is an F -space over K whose Frobenius is defined by
FSol(M0)(f) = FK[[x]]0 ◦ f ◦ F
−1
M0
for f ∈ σ∗Sol(M0)
and Sol0(M0) is an F -subspace over K since the q-Frobenius ϕ acts on K[[x]]0. Note that Sol(M0) is the
dual of the F -space M0 ⊗K[[x]]0 K over K (K[[x]]0 → K,
∑
n anx
n 7→ a0). Concerning to the bounded
quotients, the proposition below holds which corresponds to a bounded Dwork’s conjecture on logarithmic
growth v.s. Frobenius slopes (see Remark 3.25 below).
Proposition 3.24. LetM0 be a PBQ ϕ-∇-module over K[[x]]0 such that the maximal slope of E⊗K[[x]]0M0
is λmax. Then, if Sol(M0)
(−λmax) denotes the F -subspace of slope −λmax in the F -space Sol(M0) over K,
then we have an equality
Sol0(M0) = Sol(M0)
(−λmax).
In particualr, there exists a unique ϕ-∇-module L0 over K[[x]]0 with a surjection M0 → L0 of ϕ-∇-
modules over K[[x]]0 such that L0 is isoclinic of slope λmax and that rankK[[x]]0L0 = Sol(M0)
(−λmax).
Proof. The equality follows from Dwork’s conjecture [37, Theorem A] (see Remark 3.25). Here we give
a skech of another proof. The natural morphism Sol0(M0)⊗K M0 → K[[x]]0 ((f,m) 7→ f(m)) induces a
surjectionM0 → K[[x]]0⊗KSol0(M0)∨ of ϕ-∇-modules overK[[x]]0. If Sol0(M0) has a slope different from
−λmax, then it is contradicts to the fact that E ⊗K[[x]]0 M0 is PBQ with the maximal slope λmax. Hence
Sol0(M0) ⊂ Sol(M0)(−λmax). The opposite inclusion follows from [8, Theorem 6.17 (ii)]. In particular,
L0 = K[[x]]0 ⊗K Sol0(M0)∨. ✷
Remark 3.25. In ’70-’80 B.Dwork studied the logarithmic growth (log-growth for short) of solutions
of p-adic linearly differential equations and proposed problems on the relation between log-growth and
Frobenius slopes. After the work of Dwork, Christol and Robba, Chiarellotto and the author formulated
the relation precisely, which is called Dwork’s conjecture [9, Conjectures 2.4, 2.5]. Let λ be a nonnegative
real number, and K[[x]]λ a K[[x]]0-module of analytic functions of log-grwoth ≤ λ on the unit open disc
defined by
K[[x]]λ =
{∑
n
anx
n ∈ AK(0, 1)
∣∣∣∣∣ lim supn→∞ |an|(n+ 1)λ <∞
}
.
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For a ϕ-∇-module M0 over K[[x]]0, we define a K-space of solutions of M0 of log-growth ≤ λ by
Solλ(M0) =
{
f :M0 → K[[x]]λ
∣∣∣∣ f is K[[x]]0-linear homomorphism such thatd
dxf(m) = f(∇(
d
dy )(m)) for any m ∈M0
}
,
and Sol(M0)
(≤λ−λmax) denotes the F -subspace of slope ≤ λ− λmax in Sol(M0). Then Dwork’s conjecture
asserts that, if a ϕ-∇-module M0 over K[[x]]0 is PBQ, then the equality
Solλ(M0) = Sol(M0)
(≤λ−λmax)
holds for all λ ≥ 0. Recently S.Ohkubo affirmatively solved the conjecture in [37, Theorem A]. More
precisely, Ohkubo generalized Dwork’s conjecture for ϕ-∇-modules over E† and proved it. Since the
bounded object is split by Frobenius slopes by Theorem 3.10 and the full faithfulness of the functor
ΦM∇K[[x]]0 → ΦM
∇
E by [14, Theorem 9.1], the converse of Dwork’s conjecture also holds (see also [37,
Section 14]).
3.8. Global PBQ filtration. Now we introduce a global PBQ filtration for overconvergent F -isocrystals
on a curve. Let C be a smooth connected curve over Spec k.
Definition 3.26. An overconvergent F -isocrystal M† on C/K is said to be PBQ if, for an affine open
dense subscheme U of C with a smooth lift U = SpecAU ⊂ C such that A
†
U admits a q-Frobenius ϕ which
is compatible with the q-Frobenius σ on K, the associated ϕ-∇-module Mη = Eη ⊗A†U,K
Γ(]C[̂C
, j†UM
†)
over Eη is PBQ.
In Definition 3.26 the definition of PBQ is independent of the choice of affine open subschemes U . We
will prove the following existence theorem which is a key role to study the minimal slope conjecture.
Theorem 3.27. LetM† be an overconvergent F -isocrystal on C/K. Then there exists a unique filtration
0 = P†0 ( P
†
1 ( · · · ( P
†
r =M
† as overconvergent F -isocrystals on C/K such that {Eη⊗A†C,K
Γ(]C[̂C
,P†i )}
is the PBQ filtration of Mη = Eη ⊗A†C,K
Γ(]C[̂
C
,M†). The filtration {P†i } is called the PBQ filtration of
M.
Corollary 3.28. An irreducible overconvergent F -isocrystal on C/K is PBQ.
Let us study several properties of PBQ overconvergent F -isocrystals.
Lemma 3.29. (1) IfM†1 andM
†
2 are PBQ overconvergent F -isocrystals on C/K of a same maximal
slope, then so is the direct sum M†1 ⊕M
†
2.
(2) Let θ† : M† → N † be a surjection of overconvergent F -isocrystals on C/K. If M† is PBQ and
N † 6= 0, then N † is also PBQ. Moreover, the maximal slope of Nη is equal to that of Mη.
Proof. The assertions follow from Lemma 3.17. ✷
Lemma 3.30. Let f : C′ → C be a finite etale morphism of smooth connected curves over Spec k. Let
M† (resp. N †) be an overconvergent F -isocrystal on C/K (resp. C′/K), and denotes the direct image
of M† on C/K (resp. the inverse image of N † on C′/K) by f∗M
† (resp. f∗N †).
(1) If N † is PBQ, then so is f∗N †.
(2) If f∗M† is PBQ, the so is M†.
Proof. (1) By the projection formula there is an isomorphsim f∗f
∗N † = f∗(j
†
C′O]C′[)⊗j†CO]C[
N †. Since
the direct image f∗(j
†
C′O]C′[) of the constant overconvergent F -isocrystal j
†
C′O]C′[ is unit-root, the direct
image f∗f
∗N † is PBQ by Proposition 3.18. Since the constant overconvergent F -isocrystal j†CO]C[ is a
direct summand of the direct image f∗(j
†
C′O]C′[), N
† is PBQ by Lemma 3.29.
(2) Since the adjoint morphism f∗f∗M† →M† is surjective, the assertions follows from Lemma 3.29
and Lemma 3.30. ✷
Now we return to prove Theorem 3.27. The following are key lemmas to construct unit-root over-
convergent F -isocrystals and overconvergent F -subisocrystals from several compatible generic and local
data.
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Lemma 3.31. Suppose that C is affine with a smooth lift C = SpecAC ⊂ C such that A
†
C admits a
q-Frobenius ϕ which is compatible with the q-Frobenius σ on K. Let Lη be a unit-root ϕ-∇-module over
Eη satisfying the conditions as follows:
(i) For any closed point α ∈ C, there exists a Kα[[xα]]0-lattice L0,α of Lα = Eα ⊗Eη Lη.
(ii) For any closed point α ∈ C \ C, there exists a E†α-lattice L
†
α of Lα = Eα ⊗Eη Lη.
Then there exists an unit-root overconvergent F -isocrystals L† on C/K such that the ϕ-∇-module Eη⊗A†C,K
Γ(]C[̂C
,L†) over Eη is isomorphic to the given Lη. L
† is unique up to isomorphisms.
Proof. Let Gk(C) be the absolute Galois group of the function field k(C) of C. By Katz correspondence
between unit-root F -spaces and p-adic representations by [23, Proposition 4.1.1], one has a continuous
representation
ρ : Gk(C) → GLs(Kσ).
By the condition (i) we know that ρ is unramified at α ∈ C and ρ has a finite local monodromy at
α ∈ C \ C by [40, Theorem 4.2.6]. Hence ρ corresponds to an unit-root overconvergent F -isocrystals on
C/K which has a desired property by [40, Theorem 7.2.3]. The uniqueness follows from the equivalence
of Katz correspondence. ✷
Lemma 3.32. (c.f. [31, Remark 5.10]) Suppose that C is affine with a smooth lift C = SpecAC ⊂ C
such that A†C admits a q-Frobenius ϕ which is compatible with the q-Frobenius σ on K. Let M
† be
an overconvergent F -isocrystal on C/K, put M † = Γ(]C[̂C
,M†), and Lη a ϕ-∇-submodule of Mη =
Eη ⊗A†C,K
M † over Eη. Suppose that
(i) for any closed point α of C there exists a Kα[[xα]]0-lattice L0,α of Lα = Eα ⊗Eη Lη, and
(ii) for any closed point α of C \C there exists an E†α-lattice L
†
α of Lα = Eα ⊗Eη Lη.
(Note that L0,α (resp. L
†
α) is canonically a ϕ-∇-submodule of M0,α = Kα[[xα]]0 ⊗A†C,K
M † (resp. M †α =
E†α ⊗A†C,K
M †) by full faithfulness). Then there exists a unique overconvergent F -subisocrystal L† of M†
on C/K such that, if L† = Γ(]C[̂C
,L†), then Lη = Eη⊗A†C,K
L†, L0,α = Kα[[xα]]0⊗A†C,K
L† for any closed
point α of C, and L†α = E
†
α ⊗A†C,K
L† for any closed point α of C \ C as ϕ-∇-modules.
Proof. First we prove the assertion in the case where dimEηLη = 1. When dimEηLη = 1, Lemma
3.31 implies that there exists an overconvergent F -isocrystal L† on C/K which is determined by the
data Lη, Lα (α ∈ C) and L†α (α ∈ C \ C). What we want is a nontrivial morphism L
† → M† of
overconvergent F -isocrystals which induces the conditions Lη = Eη ⊗A†C,K
L and so on. Replacing M†
by (L†)∨ ⊗j†CO]C[̂C
M†, there exist
(η) an element eη ∈ Lη such that ϕMη (eη) = eη,
(α)0 an element eα ∈ L0,α such that ϕMα(eα) = eα for any closed point α of C, and
(α)† an element eα ∈ L†α such that ϕMα(eα) = eα for any closed point α of C \C.
Since Eα ⊗Eη Lη = Eα ⊗Kα[[xα]]0 L0,α for any closed point α of C, there exists an element uα ∈ Eα such
that
eη = uαeα
Since both Frobenius in the equality Eα ⊗Eη Mη = Eα ⊗Kα[[xα]]0 M0,α commute with each other, uα
is contained in (Kα)σ. We now change eα by uαeα ∈ L0,α. The similar holds for eα for any closed
point α of C \ C. If eη belongs to M †, then it determines a morphism j
†
CO]C[̂C
→ (L†)∨ ⊗j†CO]C[̂C
M†
of overconvergent F -isocrystals which satisfies the desired conditions. In order to prove eη ∈ M † it is
sufficient to prove
M † = ∩
α ∈ C
a closed point
Mη ∩M0,α
⋂
∩
α ∈ C \ C
a closed point
Mη ∩M
†
α
in Mη. Since M
† is a finite generated projective A†C,K -module, the equality above follows from Lemma
3.2.
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Now we treat the general case. Put s = dimEηLη. Consider the s-th exterior product ∧
sM† of M†
and the data ∧sLη,∧
sL0,α,∧
sL†α. Then there exists an overconvergent F -isocrystal N
† of rank one and
an injective morphism N † → ∧sM† which is determined by the data ∧sLη,∧sL0,α,∧sL†α by the former
part of this proof. We define an overconvergent F -isocrystal L† on C by
L† = (N †)∨ ⊗j†CO]C[̂C
Ker(N † ⊗j†CO]C[̂C
M† → ∧s+1M†).
HereN †⊗M† → ∧s+1M† is defined by n⊗m 7→ n∧m. Then Eη⊗A†C,K
Γ(]C[̂C
,L†) = Lη, Kα[[xα]]0⊗A†C,K
Γ(]C[̂C
,L†) = L0,α and E
†
α ⊗A†C,K
Γ(]C[̂C
,L†) = L†α hold by our construction. Hence we obtain a desired
overconvergentF -subisocrystal L† ofM†. The uniqueness follows from Lemma 3.31 and our construction.
✷
Proof of Theorem 3.27. We first prove the uniqueness. Suppose P†1 and (P
′
1)
† are first steps of two
PBQ filtrations of M†. Then the associated ϕ-∇-modules P1,η and P1,η + P ′1,η over Eη coincides with
each other in Mη by Theorem 3.19. Hence P
†
1 and (P
′
1)
† are equal.
Now we prove the existence. Since the problem is local on C by patching and the full faithfulness of
restriction functors [42, Theorem 6.3.1], we may assume that C is affine with a smooth lift C = SpecAC ⊂
C such that A†C admits a q-Frobenius ϕ which is compatible with the q-Frobenius σ on K. The unique
existence of PBQ filtration of the ϕ-∇-module Kα[[xα]]0 ⊗A†C,K
Γ(]C[̂C
,M†) for a closed point α ∈ C
(resp. E†α ⊗A†C,K
Γ(]C[̂C
,M†) for a closed point α ∈ C \ C) gives the comparison data in Lemma 3.32
for each step of PBQ filtration by Theorem 3.23. Hence we obtain a desired PBQ filtration of M† by
Lemma 3.32. ✷
4. A local version of the minimal slope conjecture
In this section we will study a local version of the minimal slope conjecture, Theorem 4.2. Let us use
the notation in section 2.
4.1. A local version.
Definition 4.1. A ϕ-∇-module M † over E† is saturated if the canonical morphism M † → M/M1 is
injective.
In this section we will prove the theorem below, which is easily deduced from Theorem 4.9.
Theorem 4.2. Let M † and N † be saturated and PBQ ϕ-∇-modules over E†, and h : N/N1 →M/M1 a
morphism of ϕ-∇-modules over E. Suppose either
(i) both M † and N † are irreducible and h is nontrivial, or
(ii) both M † and N † are saturated and PBQ and h is an isomorphism.
Then there exists a unique isomorphism g† : N † → M † of ϕ-∇-modules over E† such that the induced
morphism N/N1 →M/M1 between the maximal slope quotients by g† coincides with the given h.
4.2. Properties of saturated ϕ-∇-modules.
Definition 4.3. Let M be a ϕ-∇-module over E which has a unique slope of Frobenius ϕM , N † a ϕ-∇-
module over E†, and N † →M an injection of E†-space which commutes with connections and Frobenius.
A ϕ-∇-module N † over E† is quasi-saturated in M if N † generates M as an E-space, in other words, the
associated morphism N →M of ϕ-∇-modules over E is surjective.
We gives several properties on the notion of saturated and quasi-saturated. Let M be a ϕ-∇-module
over E which has a unique slope, and N † a nontrivial ϕ-∇-module over E†. Let θ† : N † → M be a
E†-morphism which commutes with connections and Frobenius, and L† the image of θ†.
Proposition 4.4. With the notation as above, suppose θ† is nontrivial. Then L† is a nontrivial ϕ-∇-
module over E† by the induced connection and Frobenius. In particular, an irreducible ϕ-∇-module N †
over E† is saturated.
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Proposition 4.5. With the notation as above, suppose θ† is injective. Then the maximal slope of N †
coincides with the slope of M .
Proof. Let P † be the maximally PBQ submodule of N †. If the maximal slope of P , which is equal to
that of N , is not equal to the slope of M , then θ†|P † is a zero map by Lemma 3.17 (2). This contradicts
the injectivity of θ†. ✷
Proposition 4.6. With the notation as above, suppose the induced morphism θ : N → M from θ† is
surjective.
(1) L† is quasi-saturated in M and the inequality dimEL/L
1 ≥ dimEM holds.
(2) If dimEL/L
1 = dimEM , then L
† is saturated.
Proof. (1) Since L† is the image of θ†, L† generatesM as an E-space. Moreover, the induced morphism
L→M is surjective as a morphism of ϕ-∇-modules over E .
(2) Since L→M is surjective by (1), the hypothesis on the dimensions implies the natural morphism
L/L1 →M is an isomorphism. ✷
Lemma 4.7. Let M be a ϕ-∇-module over E, and N †i (i = 1, 2) a ϕ-∇-module over E
† such that N †i is
quasi-saturated in M . Let us put L† = Im(N †1 ⊕N
†
2 → M) to be a ϕ-∇-module over E
†. If both N †1 and
N †2 are PBQ, then either of the following cases holds:
(i) N †1 = N
†
2 ;
(ii) dimEL/L
1 > dimEM .
Proof. Since both N †1 and N
†
2 are PBQ of the same maximal slope which coincides that of M , N
†
1 ⊕N
†
2
is PBQ by Lemma 3.17 (1). Hence L† is PBQ of the same maximal slope with M by Lemma 3.17 (2).
If N †1 6= N
†
2 , then N
†
i 6= L
† for i = 1 or 2. Suppose N †i 6= L
†. The maximal slope of L/Ni must be the
maximal slope of L since L† is PBQ. This implies
dimEL/L
1 > dimENi/N
1
i ≥ dimEM.
by Proposition 4.6. Therefore, the assertion holds. ✷
4.3. Saturated v.s. quasi-saturated.
Proposition 4.8. Let M be a ϕ-∇-module over E, and N † a ϕ-∇-module over E†. If N † is quasi-
separated in M , then the equality below holds:
dimE N/N
1 = dimEM.
In particular, N † is saturated.
Proof. The assertion follows from Theorem 2.14 in Section 2. ✷
Now we give a version of Theorem 4.2 which relaxes the hypothesis.
Theorem 4.9. Let M † and N † be ϕ-∇-modules over E†, P † and Q† the maximally PBQ submodules of
M † and N †, and P
†
and Q
†
ϕ-∇-modules over E† which are defined by the images of the natural maps
P † → M/M1 and Q† → N/N1, respectively. (Note that P/P
1
= M/M1 and Q/Q
1
= N/N1.) Suppose
there exists a nontrivial morphism h : N/N1 → M/M1 of ϕ-∇-modules over E. Then both P
†
and Q
†
are saturated and there exists a unique morphism g† : Q
†
→ P
†
of ϕ-∇-modules over E† such that the
induced morphism Q/Q
1
→ P/P
1
coincides with the given morphism h. Moreover, if h is injective (resp.
surjective), then g† is injective (resp. surjective).
Proof. The saturation of P
†
and Q
†
follows from the construction. Since g† is a restriction of h, the
uniqueness of g† holds if it exists. Now we prove the existence of g†. We may suppose M † = P
†
and
N † = Q
†
by Lemma 3.17 (2). Let L† be the image ofM †⊕N † →M/M1 via h on the factor N †. Then L†
is a PBQ ϕ-∇-module over E† by Lemma 3.17. Since dimEL/L1 = dimEM/M1 by Proposition 4.8, the
equality L† = M † holds by Lemma 4.7. Then we have a morphism g† : N † → L† → M † which satisfies
the desired property. If h is injective, then g† is injective by construction. If h is surjective, then h(N †)
is quasi-saturated in M/M1. Hence g† is surjective by Lemma 3.17 (2) since M † is PBQ. ✷
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5. The case of curves
In this section we will prove our main theorem in the case of curves.
5.1. Saturated overconvergent F -isocrystals. Let C be a smooth connected curve over Spec k, and
C the smooth completion of C over Spec k. Let M† be an overconvergent F -isocrystal on C/K with
respect to Frobenius σ. For an affine open dense subscheme U of C, let us put M †U = Γ(]C[̂C
, j†UM
†),
MU = Γ(]U [̂C
,M†) with the slope filtration {M iU} if it admits, Mη = Eη⊗A†U
M †U with the slope filtration
{M iη}, and so on. Here we keep the notation in 3.2 of Section 3.
Definition 5.1. An overconvergent F -isocrystal M† is saturated if the natural morphism M †U →Mη/M
1
η
is injective for any affine open dense subscheme U ⊂ C.
Proposition 5.2. Let M† be an overconvergent F -isocrystal on C/K. Let U be an affine open dense
subscheme of C such that the associated convergent F -isocrystal MU to M
†
U = j
†
UM
† admits a slope
filtration. Then M† is saturated if and only if M †U →MU/M
1
U is injective.
Proof. If M† is saturated, then the injectivity M †U →MU/M
1
U follows from the injectivity MU/M
1
U ⊂
Mη/M
1
η . Suppose that M
†
U → MU/M
1
U is injective. It is sufficient to prove, for any affine open dense
subscheme W of U , the natural morphism M †W → MW /M
1
W is injective by MW /M
1
W ⊂ Mη/M
1
η . Since
A†U,K → A
†
W,K is flat and A
†
W,K⊗A†U,K
ÂU,K → ÂW,K is injective by Lemma 3.1 (2), the natural morphism
M †W = A
†
W,K ⊗A†U,K
M †U → A
†
W,K ⊗A†U,K
(MU/M
1
U )→ ÂW,K ⊗ÂU,K (MU/M
1
U ) =MW /M
1
W
is injective by the projectivity of the ÂU,K-module MU/M
1
U . ✷
Corollary 5.3. Let U be an open dense subscheme of C. An overconvergent F -isocrystal M† on C/K
is saturated if and only if so is the restriction j†UM
† on U/K.
Lemma 5.4. Suppose that C is affine with a smooth lift C = SpecAC ⊂ C such that A
†
C admits a q-
Frobenius ϕ which is compatible with the q-Frobenius σ on K. Let M† be an overconvergent F -isocrystal
on C/K which admits the slope filtration. Then there exists an overconvergent F -isocrystal L† on C/K
with an isomorphism
Γ(]C[̂C
,L†) ∼= Im(M
†
C →Mη/M
1
η )
of A†C,K-modules with connections and Frobenius.
Proof. Since A†C,K is Noetherian [20, Theorem], the image L
† = Im(M †C → Mη/M
1
η ) is a finitely
generated A†C,K-module. By the compatibility of the A
†
C,K-liner homomorphismM
†
C →Mη/M
1
η with the
connection and Frobenius the integrable K-connection ∇M† and Frobenius ϕM† induce an integrable K-
connection ∇L† : L
† → L†⊗AC Ω
1
AC/R
and an isomorphism ϕL† : ϕ
∗L† → L† such that ϕL† is horizontal.
Hence the connection ∇L† is overconvergent and the sheafification L
† of L† is our desired overconvergent
F -isocrystal on C/K by [6, The´ore`me 2.5.7] (see Theorem A.5 in Appendix A). ✷
Corollary 5.5. An irreducible overconvergent F -isocrystal on C/K is saturated.
Proof. If M† is irreducible, then so is j†UM
† for arbitrary affine open dense subscheme U of C by [28,
Proposition 5.3.1]. j†UM
† is saturated by Proposition 5.2 and Lemma 5.4 because one can find an affine
open dense subscheme U of C on which the hypothesis in Lemma 5.4 holds. ✷
Proposition 5.6. Let M† be an overconvergent F -isocrystal on C/K. Suppose L (resp. RL) is a finite
extension of K with a residue field l (resp. the integer ring of L), σL : L → L an extension of the n-th
power σn of the q-Frobenius σ on K, U ⊂ C a dense open subscheme of C, Ul = U ×Speck Spec l the base
extension of U , ĈRL = Ĉ ×SpfR Spf RL, andM
†
Ul/L
the induced overconvergent F -isocrystal on Ul/L with
respect to σL by the inverse image of (M†, ϕnM†). Then M
† is saturated if and only if so is M†Ul/L on
each connected component.
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Proof. We may assume that C is affine and M† admits the slope filtration by Corollary 5.3. The
assertion follows from Proposition 5.2 and the fact that the morphism A†C,K → A
†
Cl,L
∼= L ⊗K A
†
C,K is
faithfully flat and the natural morphism A†Cl,L ⊗A†C,K
ÂC,K → ÂCl,L is an isomorphism. ✷
Remark 5.7. One can define saturated overconvergent F -isocrystals on higher dimensional smooth va-
rieties as well as for the case of curves. Then the similar properties as above hold.
5.2. Ranks of the maximal slope quotients.
Proposition 5.8. Let M be an isoclinic convergent F -isocrystal on C/K, and N † be an overconvergent
F -isocrystals on C/K such that the associated convergent F -isocrystal N on C/K admits the slope
filtration {N i}. Suppose there exists a surjective morphism N → M of convergent F -isocrystal such
that the induced morphism Γ(]C[̂
C
, j†UN
†)→ Γ(]U [̂
C
,M) of global sections is injective for an affine open
dense subscheme U of C. Then the maximal slope of N coincides with the slope of M and the equality
below holds:
rankN/N 1 = rankM.
Proof. First we prove the coincidence between the slope of M and the maximal slope of N . We may
assume that C is affine with a smooth lift C = SpecAC ⊂ C such that there exists an etale morphism
C → A1R because we estimate the rank of the maximal slope quotient of the slope filtration. This
assumption guarantees an existence of q-Frobenius on A†C,K which is compatible with the q-Frobenius
on σ. Let P† be the maximally PBQ overconvergent F -subisocrystal of N †. Then P admits the slope
filtration by [43, Proposition 2.7]. Since the induced morphism P →M is nontrivial, the maximal slope
of P must be equal to the slope of M by Lemma 3.29. This yields the maximal slope of N is equal to
the slope of M.
Let α1, α2, · · · , αs be all closed points of C \ C. Applying the approximation theorem of Dedekind
domains, we may assume that there exists an affine open subscheme V = SpecAV of C such that V =
V×SpecRSpec k and that each closed point αi belongs to V and it is defined by a single element xαi ∈ AV
modulo mAV in V . Let us put CV = C ∩ V with the open immersion jCV ,V : CV → V ,
C = V0 ( V1 ( V2 ( · · · ( Vs = V, Vi−1 = Vi \ {αi},
a sequence of open subschemes of C, and Â†CV ,Vi,K = Γ(]Vi[̂C
, j†CVO]C[̂C
) the A†CV ,K-algebra for all i
defined in section 3.1. Moreover, there exists a q-Frobenius ϕ which acts compatibly on the sequence
Â†CV ,Vs,K → Â
†
CV ,Vs−1,K
→ · · · → Â†CV ,V0,K = ÂCV ,K
with respect to the q-Frobenius σ on K by Lemma A.6 (2) in Appendix A.3. Put M = Γ(]C[̂C
,M) and
N † = Γ(]C[̂
C
,N †) as before. Let us put N †CV = Â
†
CV ,V,K
⊗A†C,K
N † and MCV = ÂCV ,K ⊗ÂC,K M . In our
situation Lemma 3.1 implies A†C,K → Â
†
CV ,V,K
is flat and Â†CV ,V,K ⊗A†C,K
ÂC,K → ÂCV ,K is injective. So
the natural morphism
N †CV = Â
†
CV ,V,K
⊗A†C,K
N † → Â†CV ,V,K ⊗A†C,K
M → ÂCV ,K ⊗ÂC,K M =MCV
is injective since M is a projective ÂC,K-module of finite type. Let us put
L†i = Im(Â
†
CV ,Vi,K
⊗Â†CV ,V,K
N †CV →MCV )
for i = 0, 1, · · · , s. Since Â†C,Vi,K is Noetherian by Lemma A.6 (1), the sheafification L
†
i of L
†
i is a
convergent F -isocrystal on CV /K overconvergent along Vi \ CV by Theorem A.7 as well as Lemma
5.4. Moreover, the associated convergent F -isocrystal Li on CV /K admits the slope filtration by [43,
Proposition 2.7] since the restriction j∗CV ,CN of N on CV /K admits the slope filtrations. If Li =
ÂCV ,K ⊗Â†CV ,Vi,K
L†i , the induced morphism Li → Li−1 is surjective by our construction.
Our claim is that rankLi/L1i = rankLi−1/L
1
i−1 for i = 1, 2, · · · , s. When i = 0, we have Â
†
CV ,V0,K
=
ÂCV ,K and L
†
0 = L0 = MCV . When i = s, we have Â
†
CV ,Vs,K
= Â†CV ,V,K and L
†
s = N
†
CV
. Hence our
claim implies
rankN/N 1 = rankNCV /N
1
CV = rankMCV = rankM
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which is our desired equality.
Let us put L
†
i = Im(L
†
i → Li−1/L
1
i−1). Then L
†
i is a ϕ-∇-module over Â
†
C,Vi,K
, which is an Â†C,Vi,K-
module of global sections of convergent F -isocrystal on CV /K overconvergent along V \CV by Theorem
A.7, such that Li = ÂC,K ⊗Â†C,Vi,K
L
†
i admits the slope filtration. Since K
†
i = Ker(L
†
i → L
†
i ) is included
in L1i−1, all the slopes of Ki is less than the slope of Li−1/L
1
i−1. Hence the equality Li/L
1
i = Li/L
1
i holds
for all i. Since Â†CV ,Vi,K → E
†
αi is flat and the natural morphism E
†
αi ⊗Â†CK,Vi,K
Â†C,Vi−1,K → Eαi is an
isomorphism by Lemma 3.1, the induced map
L
†
i,αi = E
†
αi ⊗Â†CV ,Vi,K
L
†
i → E
†
αi ⊗Â†CV ,Vi,K
(Li−1/L
1
i−1)→ Eαi ⊗ÂCV ,K
(Li−1/L
1
i−1) = Li−1,αi/L
1
i−1,αi
of compositions is injective which is compatible with Frobenius. Moreover, the surjectivity Nαi → Li,αi
implies that L
†
i,αi generates Li−1,αi/L
1
i−1,αi
as an Eαi-space. Hence we have an equality
rankLi/L
1
i = rankLi−1/L
1
i−1
by Theorem 2.14. This completes a proof of Proposition 5.8. ✷
5.3. The minimal slope conjecture on curves.
Theorem 5.9. LetM† and N † be overconvergent F -isocrystals on C/K such that the associated conver-
gent F -isocrystals M and N admit the slope filtrations, and h : N/N 1 →M/M1 a nontrivial morphism
between the maximal slope quotients as convergent F -isocrystals. Suppose thatM† is PBQ and saturated.
If Q† is the maximally PBQ overconvergent F -subisocrystal of N †, then there exists a unique morphism
g† : Q† →M†
of overconvergent F -isocrystals on C/K such that the induced morphism Q/Q1
∼=
→ N/N 1 →M/M1 by
g† coincides with the given h. Moreover, if h is surjective (resp. injective and Q† is saturated), then g†
is surjective (resp. injective).
Proof. Wemay assume that C is affine with a smooth lift C = SpecAC ⊂ C such that there exists an etale
morphism C → P1R by Corollary 5.5 and the full faithfulness of the restriction functor of overconvergent
F -isocrystals [42, Theorem 6.3.1]. This assumption guarantees an existence of q-Frobenius on A†C,K . Put
Q† = Γ(]C[̂C
,Q†). Let L† be the image of M † ⊕Q† →M/M1 via h on Q†. Then L† is an A†C,K-module
which is a global section of an overconvergent F -isocrystal L† on C/K by Lemma 5.4. L admits the slope
filtration because M† and Q† admit the slope filtrations by [43, Proposition 2.7]. Since L† is PBQ such
that L has the same maximal slope of M by Lemma 3.29, L†/M† is PBQ such that L/M has the same
maximal slope of M if L†/M† 6= 0. The equality rankL/L1 = rankM/M1 by Proposition 5.8 implies
L† = M†. Hence we obtain the desired morphism g† : Q† → M†. The nontriviality of h implies that
g† is nontrivial. The uniqueness follows from our construction. If h is surjective, then Q† → L† must
be surjective since M † is PBQ and Q/Q1 → L/L1 is surjective. Hence the surjectivity of h implies the
surjectivity of g†. The assertion on the injectivity follows from the construction of g†. ✷
In the case of curves the minimal slope conjecture [31, Remark 5.14] (Conjecture 1.2) holds without
any hypothesis.
Corollary 5.10. Let M† and N † be overconvergent F -isocrystals on C/K such that the associated
convergent F -isocrystal M and N admit the slope filtrations, and h : N/N 1 → M/M1 a morphism
between the maximal slope quotients as convergent F -isocrystals. Suppose either
(i) M† and N † are irreducible and h is nontrivial, or
(ii) M† and N † are PBQ and saturated and h is an isomorphism.
Then there is an isomorphism
g† : N † →M†
of overconvergent F -isocrystals on C/K such that the induced morphism N/N 1 →M/M1 by g† coincides
with the given h.
Proof. The assertion follows from Corollary 3.28 and Theorem 5.9. ✷
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Remark 5.11. (1) Suppose C is projective. Then M† = M. If furthermore M is irreducible and
admits a slope filtration, then M1 = 0. Therefore the minimal slope conjecture is trivially true
in this case.
(2) The hypothesis that M and N admit slope filtrations in Theorem 5.9 and Corollary 5.10 is
overfilled. It is enough to assume that there exists a convergent F -subisocrystal M1 such that
M/M1 is isoclinic and all slopes of M1 at any point of C is less than the slope of M/M1, and
the same for N . However, if one takes a sufficiently small open dense subscheme U of C, then
both M and N admit slope filtrations [31, Theorem 3.1.2, Corollary 4.2], [43, Proposition 2.2,
Corollary 2.6]. The existence of g† follows from the full faithfulness of the restriction functor of
overconvergent F -isocrystals [42, Theorem 6.3.1].
5.4. Lefschetz condition. Let X be a scheme separated of finite type over Spec k, α a closed point of
X with the closed immersion iα,X : α→ X , andM† an irreducible overconvergent F -isocrystal on X/K.
Let us consider the following condition (LC), called Lefschetz condition, for (X,α,M†) :
(LC)
There exist a smooth curve Cα over Spec k and a morphism iCα,X : Cα → X over
Spec k such that there exists a kα-rational point of Cα which maps to α by iCα,X
(say Cα is passing at α and denote the kα-rational point in Cα also by α)
and that the restriction i∗Cα,XM
† on Cα is irreducible.
This question has an affirmative answer more generally in the case where k is finite and M† is an
overconvergent Qp-F -isocrystal in [4, Theorem 0.3] (see Theorem 6.18) and it will be used in order to
prove our main theorem (Theorem 6.20). See the detail of the problem in [31, Conjecture 5.19]. The
next proposition follows from Theorem 5.9.
Proposition 5.12. With the notation as above, let M† and N † be overconvergent F -isocrystals on X/K
such that the associated convergent F -isocrystals M and N admit the slope filtrations, and h : N/N 1 →
M/M1 a nontrivial morphism as convergent F -isocrystals. Suppose thatM† is irreducible and the triplet
(X,α,M†) satisfies the condition (LC) such that iCα,X : Cα → X is a morphism realizing the condition
(LC). Let Q†Cα be the maximally PBQ overconvergent F -subisocrystal of i
∗
Cα,X
N †. Then there exists a
unique surjective morphism
g†Cα : Q
†
Cα
→ i∗Cα,XM
†
of overconvergent F -isocrystals on Cα/K such that the induced morphism between the maximal slope
quotients from g†Cα is the given i
∗
Cα,X
(h).
Corollary 5.13. Suppose furthermore that both M† and N † are irreducible and that both (X,α,M†)
and (X,α,N †) satisfy the condition (LC). Then there exists an isomorphism
g†α : i
∗
α,XN
† → i∗α,XM
†
of F -spaces over K such that the induced morphism between maximal slope quotients from gα coincides
with i∗α,X(h).
Proof. Let iα,X,M† : Cα,M† → X be a morphism which realizes the condition (X,α,M
†). Then,
if the maximally PBQ overconvergent F -subisocrysal of i∗α,X,M†N
† denotes Q†, then there exists a
surjection g†M : Q
† → i∗α,X,M†M
† of overconvergent F -isocrystals on Cα,M†/Kα by Proposition 5.12
and the irreducibility of i∗α,X,M†M
†. In particular, rankN † ≥ rankM†. Hence, if we show the opposite
inequality rankN † ≤ rankM†, then rankN † = rankM† and g†
M†
is a desired isomorphism.
Let iα,X,N † : Cα,N † → X be a morphism which realizes the condition (X,α,N
†). We may shrink
Cα,N † by Corollary 5.5, [42, Theorem 6.3.1] and [28, Proposition 5.3.1] (the full faithfulness and the
preservation of irreducibility by restrictions with respect to open immersions, respectively), so that we
may assume that Cα,N † is affine and there exists a q-Frobenius ϕ on A
†
C
α,N† ,K
which is compatible with
the q-Frobenius σ on K. Take the maximally PBQ overconvergent F -subisocrystal P† of i∗α,X,N †M
†,
and the sheafification P
†
of the image of P † → P/P 1. Then P
†
is an overconvergent F -isocrystal on
Cα,N †/K by Lemma 5.4, and P/P
1
→ i∗α,X,N †(M/M
1) is an isomorphism of convergent F -isocrystals.
Hence, there exists an injection g†N : i
∗
α,X,N †N
† → P
†
of overconvergent F -isocrystals on Cα,N †/K by
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Theorem 5.9. In particular, rankN † ≤ rankP
†
≤ rankM†. Therefore the equality rankN † = rankM†
holds. This completes a proof. ✷
Corollary 5.14. With the hypothesis in Proposition 5.12, suppose furthermore that M† is irreducible
and there is a closed point α of X such that (X,α,M†) satisfies the condition (LC). If N † is unit-root,
then there exists a surjection
g† : N † →M†
of overconvergent F -isocrystals on X/K such that the induced morphism of converegent F -isocrystals
from g† coincides with the given h.
Proof. By the hypothesis i∗α,XM
† is unit-root by Proposition 5.12. HenceM† is unit-root (i.e.,M1 = 0)
and the assertion follows from the full faithfulness of the functor from the category of overconvergent
F -isocrystals to that of convergent F -isocrystals [28, Theorem 4.2.1]. ✷
6. The case of finite fields
In this section we study the minimal slope conjecture on varieties of arbitrary dimension over finite
fields. Let Qp be an algebraic closure of the field Qp of p-adic numbers. Let q be a positive power of p,
k the field of q elements, R = W (k) the ring of Witt vectors with coefficients in k, and K the field of
fractions of R with the q-Frobenius σ = idK . We regard K as a subfield of Qp and identify an algebraic
closure K of K with Qp.
6.1. F -isocrystals with Qp-structures. We recall the definition of Qp-F -isocrystals which are intro-
duced by Abe in [1, 1.4, 4.2.1] (see also [4, 1.1] and [31, 9.2]). Let X be a scheme locally of finite type
over Spec k.
Definition 6.1. Let L be a finite extension of K in Qp. An overconvergent L-Fq-isocrystal M
† on X is
an overconvergent F -isocrystal M† on X/K with respect to the q-Frobenius σ such that M† is furnished
with a K-algebra homomorphism
L→ EndF -Isoc(M
†),
where EndF -Isoc(M
†) is the K-space of endomorphisms of M† as overconvergent F -isocrystals on X/K.
Note that the q of Fq indicates q-Frobenius. The K-algebra homomorphism L→ EndF -Isoc(M
†) is called
an L-structure. A morphism of overconvergent L-Fq-isocrystals on X is a morphism of overconvergent F -
isocrystals on X/K which commutes with L-structures. The category of overconvergent L-Fq-isocrystals
on X is denoted by Fq-Isoc
†(X)⊗ L.
We also define the notion of convergent L-Fq-isocrystals on X similarly and denote their category by
Fq-Isoc(X)⊗ L.
Example 6.2. (1) An overconvergent F -isocrystal on X/K is furnished with the natural K-structure
since the category of overconvergent F -isocrystals on X/K is K-linear by σ = idK .
(2) Let L be an extension of K in Qp. We regard L as an F -space over K with respect to σ by
FL = idL. Then, for an overconvergent F -iaocrystal M† on X/K, the j
†
XO]X[ ⊗K L-module
M† ⊗K L is furnished with an L-structure which is defined by
a = idM† ⊗ aidL :M
† ⊗K L→M
† ⊗K L
for a ∈ L. The category Fq-Isoc
†(X)⊗L is an L-linear Abelian category. We will show that it is
furnished with tensor products, duals and the unit object j†XO]X[ ⊗K L in the propositions below.
Let us study tensor products, duals, and extensions of F -isocrystals with Qp-structures, and introduce
an invariant Qp-rank below. For an overconvergent F -isocrystalM
†, rank(M†) means the rank of locally
free j†XO]X[-module M
† on each connected component of X .
Proposition 6.3. Let M†i be an overconvergent Li-Fq-isocrystal on X, and L = L1L2 the field of
composite between L1 and L2 in Qp. Let us put M
† = (M†1 ⊗M
†
2)⊗L1⊗KL2 L where M
†
1 ⊗j†O]X[ M
†
2 is
the tensor product as an overconvergent F -isocrystal on X/K with L1 ⊗K L2-actions and L1 ⊗K L2 →
L (a⊗ b 7→ ab).
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(1) If we define ∇M† = (∇M†1
⊗ idM†2
+ idM†1
⊗∇M†2
) ⊗ idL, then the pair (M†,∇M†) is an over-
convergent isocrystal on X/K such that
rank(M†)
deg(L/K)
=
rank(M†1)
deg(L1/K)
×
rank(M†2)
deg(L2/K)
on each connected component of X.
(2) If we define FM† : F
∗M† → M† by FM† = FM†1⊗M
†
2
⊗ idL where F ∗M† = F ∗(M
†
1 ⊗
M†2) ⊗L1⊗KL2 L, then FM† is horizontal with respect to the connections. In particular, the
triplet (M†,∇M† , FM†) is an overconvergent F -isocrystal on X/K.
(3) For an element a ∈ L, we define a : M† → M† by a = idM†1⊗M
†
2
⊗ aidL, then it defines an
L-structure on M†.
In particular, M† is an overconvergent L-Fq-isocrystal on X.
Proposition 6.4. Let M† be an overconvergent L-Fq-isocrystal on X. We define an action of L on
(M†)∨ = Homj†XO]X[
(M†, j†XO]X[) by
(a, η) 7→ aη (aη)(m) = η(am) for m ∈M†,
for a ∈ L and η ∈ (M†)∨, then it is an L-structure on (M†)∨. In particular, (M†)∨ is an overconvergent
L-Fq-isocrystal on X such that
rank((M†)∨)
deg(L/K)
=
rank(M†)
deg(L/K)
on each connected component of X. Moreover there is a perfect pairing
(M† ⊗K L)⊗ ((M
†)∨ ⊗K L)→ j
†
XO]X[ ⊗K L
of overconvergent L-Fq-isocrystals on X. In other words, (M†)∨ is the dual of M† in Fq-Isoc
†(X)⊗ L.
Proposition 6.5. Let L1 ⊂ L2 be extensions of K in Qp. We define a functor Fq-Isoc
†(X) ⊗ L1 →
Fq-Isoc
†(X)⊗ L2 of scalar extensions by
θL1,L2 :M
† 7→ (M† ⊗K L2)⊗L1⊗KL2 L2 =M
† ⊗L1 L2.
Then the equality
rank(θL1,L2(M
†))
deg(L2/K)
=
rank(M†)
deg(L1/K)
.
holds on each connected component of X. Moreover, θL1,L2 = θL2,L3 ◦ θL1,L2 for L1 ⊂ L2 ⊂ L3 in Qp.
Definition 6.6. We define the category Fq-Isoc
†(X) ⊗ Qp by the 2-colimit of Fq-Isoc
†(X) ⊗ L over all
finite extensions L in Qp by θL1,L2 in the previous proposition. An object of Fq-Isoc
†(X)⊗Qp is said to be
an overconvergent Qp-Fq-isocrystals on X. We define the Qp-rank of an overconvergent Qp-Fq-isocrystal
M† on X by
Qp-rank(M
†) =
rank(M†)
deg(L/K)
on each connected component of X. We also define the category Fq-Isoc(X)⊗ Qp of convergent Qp-Fq-
isocrystals on X similarly.
Lemma 6.7. Let M† be an irreducible overconvergent Qp-Fq-isocrystal on X which is represented by
an overconvergent L-Fq-isocrystal on X for an extension L of K in Qp. Then there exists an irreducible
overconvergent F -isocrystal N † on X/K such that M† is a direct sum of a finite number of copies of N †
as an overconvergent F -isocrystal on X/K.
Proof. The irreducibility M† implies that the natural morphism N † ⊗K L → M† as overconvergent
F -isocrystals on X/K is surjective where L is regarded as an Fq-space over K such that FL = idL. ✷
Let k0 be a subfield of k with deg(k/k0) = n, and K0 the unramified extension of Qp with the residue
field k0 and the q0-Frobenius σ0 = idK0 where q
n
0 = q. Since K is finite and unramified over K0, the
28 NOBUO TSUZUKI
smooth formal scheme over R can be regarded as a smooth formal scheme over the integer ring R0 of K0.
Hence, for an overconvergent L-Fq-isocrystal M
† on X ,
(M†0,∇M†0
) = (⊕n−1i=0 (F
i
q0)
∗M†,⊕n−1i=0 (F
i
q0 )
∗∇M†)
FM†0
(a0 ⊗σ0 m0, · · · , an−1 ⊗σ0 mn−1) = (FM†(an−1 ⊗σ0 mn−1), a0 ⊗σ0 m0, · · · , an−2 ⊗σ0 mn−2)
has a structure of overconvergent L-Fq0 -isocrystals on X .
Lemma 6.8. Suppose that L admits an extension σ0 of q0-Frobenius σ0 on K0. The L-structure on
(M†0,∇M†0
, FM†0
) which is induced from that on M† is given by
((a0 ⊗σ0 m0, · · · , al−1 ⊗σ0 ml−1), b) 7→ (ba0 ⊗σ0 m0, · · · , σ
n−1
0 (b)an−1 ⊗σ0 mn−1).
for b ∈ L. In particular, the K0-structure induced by the q0-Frobenius coincides with K0 ⊂ L →
EndF -Isoc(M
†
0).
Proposition 6.9. [1, Corollary 1.4.11] With the notation as above, the functor
Πq/q0 : Fq-Isoc
†(X)⊗Qp → Fq0 -Isoc
†(X)⊗Qp M
† 7→ M†0
is an equivalence of categories. Moreover, the equalities hold
Qp-rank(M
†) =
rankj†XO]X[
(M†)
deg(L/K)
=
rankj†XO]X[
(M†0)
deg(L/K0)
= Qp-rank(M
†
0).
on each connected component of X.
Proof. For any finite extension L′ of K, there exists a finite extension L of L′ which admits a q0-
Frobenius σ0 which is an extension of σ0 on K0 by Lemma A.1 (3) in Appendix A. For an object N † of
Fq0 -Isoc
†(X)⊗L, if π∗(K,σ)/(K0,σ0) is the pull back functor defined in Appendix B, then π
∗
(K,σ)/(K0,σ0)
N †
has a natural K-structure induced by the q-Frobenius so that it admits a K ⊗K0 L-structure. Let us
define an overconvergent L-Fq-isocrystal M† on X by
M† = (π∗(K,σ)/(K0,σ0)N
†)⊗K⊗K0L L
with Frobenius FM† = (π
∗
(K,σ)/(K0,σ0)
FN †)
n ⊗ idL, where K ⊗K0 L → L (b ⊗ a 7→ ba). One can easily
verify this correspondence N † 7→ M† is a quasi-inverse of the given functor. ✷
Let X,Y be schemes locally of finite type over Spec k and f : X → Y be a morphism of schemes.
Then the usual pull back functor f∗ of overconvergent F -isocrystals induces the pull back functor
f∗ : Fq-Isoc
†(Y )⊗Qp → Fq-Isoc
†(X)⊗Qp.
Then, for an overconvergent Qp-Fq-isocrystal N
† on Y , we have
Qp-rank(f
∗N †) = Qp-rank(N
†)
on each connected component.
6.2. Changes of base fields. Let kn be a finite extension of k such that deg(kn/k) = n, Kn the
unramified extension of K in K with the residue field kn and denote the q-Frobenius of Kn by the same
symbol σ. For a scheme X locally of finite type over Spec k, let us put Xn = X ×Speck Spec kn with the
projection πn : Xn → X . We define the push forward functor by
πn,Qp ∗ : Fq
n -Isoc†(Xn)⊗Qp → Fq-Isoc
†(X)⊗Qp M
† 7→ π(Kn,σn)/(K,σ) ∗M
† = π(Kn,σ)/(K,σ) ∗M
†
0
where π(Kn,σn)/(K,σ) ∗ and π(Kn,σ)/(K,σ) ∗ are the push forward functor defined in Appendix B andM
†
0 is
the Qp-Fσ-isocrystal on Xn introduced just before Lemma 6.8. If π
∗
(Kn,σn)/(K,σ)
is the pull back functor
defined in Appendix B, then π∗(Kn,σn)/(K,σ)M
† is furnished with an extra Kn-structure arising from the
qn-Frobenius structures. We define the pull back functor by
π∗
n,Qp
: Fq-Isoc
†(X)⊗Qp → Fqn -Isoc
†(Xn)⊗Qp N
† 7→ (π∗(Kn,σn)/(K,σ)N
†)⊗Kn⊗KL L
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in which two Kn-structures from the q
n-Frobenius and from the Qp-structure are identified by tensoring
⊗Kn⊗KLL. One can easily see the definition of the pull back functor π
∗
n,Qp
does not depends on the
choice of L. Then π∗
n,Qp
is a left adjoint of πn,Qp ∗. Moreover the equalities
Qp-rank(πn,Qp ∗M
†) =
rank(πn,Qp ∗M
†)
deg(L/K)
=
rank(M†)deg(Kn/K)2
deg(L/K)
= Qp-rank(M
†)× n
Qp-rank(π
∗
n,Qp
N †) =
rank(π∗
n,Qp
N †)
deg(L/Kn)
=
rank(N †)
deg(L/K)
= Qp-rank(N
†)
hold on each connected component.
Proposition 6.10. Suppose X is separated of finite type over Spec k. LetM† be an overconvergent L-Fq-
isocrystal M† on X for a finite extension L over Kn in Qp. Then the rigid cohomology H
i
rig(X/K,M
†)
is an Fq-space over K with the L-structure (an L-Fq-space over K for short)
L→ EndF -sp(H
i
rig(X/K,M
†))
induced from the L-structure on M†. The base change homomorphism of rigid cohomology induces an
isomorphism
Hirig(Xn/Kn, π
∗
n,Qp
M†)→ (Kn ⊗K H
i
rig(X/K,M
†))⊗Kn⊗KL L ∼= H
i
rig(X/K,M
†)
of L-Fqn-spaces over Kn. Here the right hand side has a Kn-space structure by Kn ⊂ L, and the Frobenius
on the right hand side is Fn
Hirig(X/K,M
†)
. The results do not depend on the choice of L in the category of
Qp-Fq-spaces over K. The same hold for the rigid cohomology H
i
rig,c(X/K,M
†) with compact supports.
6.3. Lefschetz trace formula. Let X be a connected scheme separated of finite type over Spec k which
is pure of dimension d, and M† an object in F -Isoc†(X) ⊗ Qp such that M
† is represented as an
overconvergent L-Fq-isocrystal on X for an extension L of K in Qp. Then, for any closed point α in X
with deg(kα/k) = n such that Kα ⊂ L, the inverse image i∗α,XM
† is an L-Fq-space over Kα, that is,
an F -isocrystal on α/K with respect to q-Frobenius σ and with an L-structure. For the linearization of
Frobenius, we define a Qp-Fqn -space (M
†
α,Qp
, FM†
α,Qp
) over Kα by the colimit of
(M†α,L, FM†α,L
) = (π∗(Kα,σn)/(K,σ)(i
∗
α,XM
†)⊗Kn⊗KL L, (π
∗
(Kα,σn)/(K,σ)
(i∗α,X(FM†))⊗ idL)
n),
over all finite extensions L ofK inQp, that is, the object of the quasi-inverse functor of (i
∗
α,XM
†, i∗α,X(FM†))
in Proposition 6.9. By definition we have
Qp-rank(M
†
α,Qp
) = Qp-rank(i
∗
α,XM
†) = Qp-rank(M
†).
The pair (M†α,L, FM†α,L
) is regarded both as an L-space of dimension Qp-rank(M
†
α,Qp
) with an L-linear
endomorphism FM†α,L
and as a K-space of dimension Qp-rank(M
†
α,Qp
)deg(L/K) with a K-linear en-
domorphism FM†α,L
. On the other hand the pair (M†
α,Qp
, FM†
α,Qp
) is just a Qp-space with a Qp-linear
endomorphism FM†
α,Qp
.
Lemma 6.11. With the notation as above, the following hold.
(1) The natural homomorphism
(i∗α,XM
†, i∗α,X(FM†)
n)→ (M†
α,Qp
, FM†
α,Qp
) m 7→ m⊗ 1
induces an isomorphism of L-spaces with an L-linear endomorphism.
(2) For any kn-rational point β mapping to the closed point α with the composite iβ,X = iα,X ◦ iβ,α :
β
∼=
→ α→ X of morphisms, we have
TrL
(
Fni∗β,XM†
; i∗β,XM
†
)
= TrL
(
FM†α,L
;M†α,L
)
TrK
(
Fni∗β,XM†
; i∗β,XM
†
)
= TrK
(
FM†α,L
;M†α,L
)
30 NOBUO TSUZUKI
where TrE means the trace of E-linear homomorphisms.
(3) If IK(L,Qp) is a set of K-algebra homomorphisms from L to Qp, then the equality
TrK
(
FM†
α,Qp
;M†
α,Qp
)
=
∑
τ∈IK(L,Qp)
τ
(
TrL
(
FM†α,L
;M†α,L
))
holds
Proof. (2) Let τ : Kα → Kβ be theK-algebra isomorphism which is the lift of the k-algebra isomorphism
Kα → Kβ. Then i
∗
β,XM
† = i∗β,α(i
∗
α,XM
†) and
Fi∗β,XM† = (idi∗α,XM† ⊗ τ) ◦ Fi∗α,XM† ◦ (idi∗α,XM† ⊗ τ
−1).
Hence it implies the assertion.
(3) follows from (2) and the isomorphism L⊗K L ∼=
∏
τ∈IK(L,Qp)
τ(L). ✷
The Lefschetz trace formula for overconvergent Qp-F -isocrystals follows from the Lefschetz trace
formula of usual overconvergent F -isocrystals [19, The´ore`me 6.2].
Proposition 6.12. [1, Theorem A.3.2] With the notation as above, the trace formula
∑
β∈X(kn)
TrL
(
Fni∗β,XM†
; i∗β,XM
†
)
=
2d∑
i=0
(−1)iTrL(F
n
Hirig,c
;Hirig,c(X/K,M
†))
holds where X(kn) is the set of kn-rational points of X.
Proof. The idea of this proof is same with that of [1, Theorem A.3.2]. When dim(X) = 0, the assertion is
trivial. In general dimensional cases, it is sufficient to prove that the right hand side is 0 when X(kn) = ∅
by applying the excision sequence
· · · → Hirig,c(Z/K,M
†)→ Hirig,c(X/K,M
†)→ Hirig,c(X/K,M
†)→ Hi+1rig,c(Z/K,M
†)→ · · ·
of rigid cohomology with compact supports, where Z is a closed subscheme of X containing the finite set
X(kn). The exact sequence above is a sequence of L-Fq-spaces over K.
Suppose X(kn) = ∅. The right hand side of the equality∑
τ∈IK(L,Qp)
τ
(
2d∑
i=0
(−1)iTrL
(
FnHirig,c
;Hirig,c(X/K,M
†)
))
=
2d∑
i=0
(−1)iTrK
(
FnHirig,c
;Hirig,c(X/K,M
†)
)
.
vanishes by the Lefschetz trace formula for usual overconvergent F -isocrystals [19, The´ore`me 6.2], and
hence ∑
τ∈IK(L,Qp)
τ
(
2d∑
i=0
(−1)iTrL
(
FnHirig,c
;Hirig,c(X/LσK,M
†)
))
= 0.
For a nonzero element λ in L, we define an Fq-space L(λ) over K with an L-structure by
L(λ) = L : as an K-space
FL(λ)(m) = λm for m ∈ L
L× L(λ)→ L(λ) (a,m) 7→ am.
Then M† ⊗L L(λ) is an overconvergent L-Fq-isocrystal on X , and in particular the action of Frobenius
is given by
FM†⊗LL(λ) = λFM† .
From the assumption X(kn) = ∅ we also have∑
τ∈IK(L,Qp)
τ
(
2d∑
i=0
(−1)iλTrL
(
FnHirig,c
;Hirig,c(X/K,M
†)
))
= 0
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for any λ ∈ L×. Since
∑
τ∈IK(L,Qp)
τ is a trace map of the extension L over K of characteristic 0 and λ
is arbitrary, we have the desired vanishing
2d∑
i=0
(−1)iTrL
(
FnHirig,c
;Hirig,c(X/K,M
†)
)
= 0.
✷
Let us define the L-function of M† by
L(X,M†, u) =
∞∏
n=1
∏
α : closed points of X
deg(kα/k) = n
det
Qp
(
1− unFM†
α,Qp
;M†
α,Qp
)−1
= exp
 ∞∑
n=1
∑
β∈X(kn)
TrQp
(
Fni∗β,XM†
; i∗β,XM
†
)
n
un
 ∈ Qp[[u]].
where detE(1−uf) ∈ E[u] means a characteristic polynomial of an E-linear endomorphism f . Note that
the second equality holds by Lemma 6.11.
Corollary 6.13. [1, Corollary A.3.3] With the notation as above, we have
L(X,M†, u) =
2d∏
i=0
det
Qp
(
1− uFHirig,c ;H
i
rig,c(X/K,M
†)
)(−1)i+1
.
6.4. Cˇebatarev density theorem. Now we recall weights of overconvergent Qp-F -isocrystals (see a
brief introduction of weights in [31, Section 10]). Let ι : Qp → C be an isomorphism of fields.
Definition 6.14. Let X be a connected scheme separated of finite type over Spec k.
(1) An overconvergent Qp-Fq-isocrystal M
† on X is ι-pure of weight w ∈ Z if, for any closed point
α in X with deg(kα/k) = n, any reciprocal root of the polynomial
detQp
(
1− uFM†
α,Qp
;M†
α,Qp
)
∈ Qp[u]
has a complex absolute value qnw/2 under the isomorphism ι. An overconvergent Qp-Fq-isocrystal
on X is ι-pure if it is ι-pure of weight w for some w ∈ Z.
(2) An overconvergent Qp-Fq-isocrystal M
† on X is ι-mixed if it is a successive extension of over-
convergent Qp-Fq-isocrystals of ι-pure.
The following proposition is the Cˇebatarev density theorem for overconvergent Qp-F -isocrystals [1,
Proposition A.4.1].
Proposition 6.15. Let X be a smooth connected scheme separated of finite type over Spec k, and M†
and N † irreducible overconvergent Qp-Fq-isocrystals on X such that (N
†)∨⊗M† is ι-pure. Suppose that
there is an open dense subscheme U of X such that, for any closed point α of U with deg(k(α)/k) = n,
there is an isomorphism
(M†
α,Qp
, FM†
α,Qp
) ∼= (N
†
α,Qp
, FN †
α,Qp
)
as Qp-Fqn -spaces over Kα. Then the following hold.
(1) There exists an isomorphism g† : N † →M† of overconvergent Qp-Fq-isocrystals on X.
(2) Suppose furthermore that bothM† and N † admit slope filtrations as convergent Qp-Fq-isocrystals
and that there exists an isomorphism h : N/N 1 →M/M1 between the maximal slope quotients
as convergent Qp-Fq-isocrystals, and that either the canonical homomorphism
End
Qp-F -Isoc
(π∗
m,Qp
M†)→ End
Qp-F -Isoc
(π∗
m,Qp
(M/M1)) or
End
Qp-F -Isoc
(π∗
m,Qp
N †)→ End
Qp-F -Isoc
(π∗
m,Qp
(N/N 1))
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is surjective for some positive integer m. Then there exists an isomorphism g† : N † →M† such
that the induced morphism of the maximal slope quotients by g† coincides with the given h. Here
End
Qp-F -isoc
(π∗
m,Qp
M†) (resp. End
Qp-F -Isoc
(π∗
m,Qp
(M†/M†1))) is the Qp-space of endomorphisms
of π∗
m,Qp
M† (resp. π∗
m,Qp
(M†/M†1)) as an overconvergent (resp. a convergent) Qp-Fq-isocrystal
on Xm, and the same for N †.
Proof. (1) This is a proof in [1, Proposition A.4.1]. Denote the dimension of X by d. Since there is an
isomorphism
Hom
Qp-F -Isoc
(N †,M†) ∼= H0rig(X/K, (N
†)∨ ⊗M†)
F
H0
rig
=1
= H0rig(U/K, (N
†)∨ ⊗M†)
F
H0
rig
=1
and bothM† and N † is irreducible on X , we have only to prove the nonvanishing of the right hand side.
Here HomQp-Fq-Isoc† is a group of morphisms as overconvergent Qp-Fq-isocrystals on X , the FH0rig = 1
means the Frobenius invariant subspace of the 0-th rigid cohomology, and the second equality follows
from the full faithfulness of the restriction functor of overconvergent F -isocrystals [42, Theorem 6.3.1].
By Poincare´ duality [26, Theorem 1.2.3] it is sufficient to prove an existence of a nontrivial cocycle in
H2drig,c(U/K, (M
†)∨⊗N †) on which Frobenius FH2drig,c acts by q
d. Because (M†)∨⊗N † is ι-pure of weight
0, the weights of Frobenius FHjrig,c
on Hjrig,c(U/K, (M
†)∨⊗N †) are ≤ j [27, Theorem 5.3.2]. Hence what
we want is that L(U/k, (M†)∨ ⊗N †, u) has a factor 1− qdu in the denominator. This holds since
L(U/k, (M†)∨ ⊗N †, u) = L(U/k, (M†)∨ ⊗M†, u)
by the hypothesis of coincidence of Qp-Fq-spaces at each closed point α ∈ U .
(2) Since there exists an isomorphism (g′)† : N † → M† in (1), the condition of endomorphisms for
π∗
m,Qp
M† is equivalent to that for π∗
m,Qp
N †. Suppose that
End
Qp-F -Isoc
(π∗
m,Qp
N †)→ End
Qp-F -Isoc
(π∗
m,Qp
(N/N 1))
is surjective. By the hypothesis we can find a morphism τm : π
∗
m,Qp
N † → π∗
m,Qp
M† which induces
π∗
m,Qp
((g′)−1 ◦ h) on π∗
m,Qp
(N/N 1). By our construction π∗
m,Qp
((g′)−1) ◦ τm : π
∗
m,Qp
N † → π∗
m,Qp
M† is a
morphism of overconvergent Qp-Fqm -isocrystals on Xm such that the induced morphism of the maximal
slope quotients by π∗
m,Qp
((g′)−1) ◦ τm coincides with the given π∗m,Qp
(h). Let us consider the composite
g† : N †
ad(Km,σm)/(K,σ)→ πm,Qp ∗π
∗
(Km,σm)/(K,σ)
N † → πm,Qp ∗π
∗
m,Qp
N †
πm,Qp ∗
(π∗
m,Qp
((g′)−1)◦τm)
→ πm,Qp ∗π
∗
m,Qp
M†
1
mTr(Km,σm)/(K,σ)→ M†
of the morphisms of overconvergent L-Fq-isocrystals on X for a sufficiently large finite extension L of
K in Qp, where ad(Km,σm)/(K,σ) and Tr(Km,σm)/(K,σ) are defined in Appendix B. Since the induced
morphism of the maximal slope quotients by g† coincides with the given h by Lemma B.1, g† is the
desired isomorphism by the irreducibility of M† and N †. ✷
The corollary below follows from Corollary 5.13.
Corollary 6.16. LetM† and N † be irreducible overconvergent Qp-Fq-isocrystals on X such that (N
†)∨⊗
M† is ι-pure and admit slope filtrations, and h : N/N 1 →M/M1 a nontrivial morphism of convergent
Qp-Fq-isocrystals. Suppose that there is an open dense subscheme U of X such that, for any closed point
α of U , both (X,α,M†) and (X,α,N †) satisfies the similar condition (LCQp) :
(LCQp)
There exist a smooth curve Cα over Spec k and a morphism iCα,X : Cα → X
over Spec k such that Cα is passing at α and that the restriction i
∗
Cα,X
M† on Cα
is an irreducible overconvergent Qp-Fq-isocrystal on Cα.
Then the following hold.
(1) There exists an isomorphism g† : N † →M† of overconvergent Qp-Fq-isocrystals on X.
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(2) Suppose furthermore that either the canonical homomorphism
End
Qp-F -Isoc
(π∗
m,Qp
M†)→ End
Qp-F -Isoc
(π∗
m,Qp
(M/M1)) or
End
Qp-F -Isoc
(π∗
m,Qp
N †)→ End
Qp-F -Isoc
(π∗
m,Qp
(N/N 1))
is surjective for some positive integer m. Then there exists an isomorphism g† : N † →M† such
that the induced morphism of the maximal slope quotients by g† coincides with the given h.
Proof. (1) Let α be a closed point of X such that deg(kα/k) = n. Then there exists a smooth
curve Cα over Spec k passing at α such that i
∗
Cα,X
M† is irreducible with respect to σ. In particular,
i∗Cα,XM
† is a direct sum of copies of an irreducible overconvergent F -isocrystal on Cα/K by Lemma
6.7 so that i∗Cα,XM
† is PBQ and saturated by Corollaries 3.28, 5.5. Applying Theorem 5.9 similarly
with the proof of Corollary 5.13, the Qp-rank of M
† is equal to the Qp-rank of N
†, and hence there
is an isomorphism i∗Cα,XN
† → i∗Cα,XM
† which comes from the coincidence of groups of global sections
of both sides in Γ(]Cα[, i
∗
Cα,X
(M/M1)). Since the saturation is in the level of Qp-Fq-isocrystals, the
isomorphism i∗Cα,XN
† → i∗Cα,XM
† is an isomorphism of Qp-F -isocrystal on Cα. Therefore, there exists
an isomorphism
g† : N † →M†
of overconvergent Qp-Fq-isocrystals on U and hence on X by Cˇebatarev density theorem (Proposition
6.15 (1)) and the full faithfulness of the restriction functors of overconvergent F -isocrystals [42, Theorem
6.3.1].
(2) It follows from Proposition 6.15 (2). ✷
We give a sufficient condition of the bijectivity of endomorphisms in Corollary 6.16 (2).
Lemma 6.17. Let X,Y be schemes separated of finite type over Spec k such that X is connected and
Y is nonempty, and f : Y → X a morphism. For an overconvergent Qp-Fq-isocrystal M
† on X which
admits a slope filtration, both canonical homomorphisms
End
Qp-F -Isoc
(M†)→ End
Qp-F -Isoc
(f∗M†) and
EndQp-F -Isoc(M/M
1)→ EndQp-F -Isoc(f
∗(M/M1))
are injective. In particular, the canonical homomorphism EndQp-F -Isoc(M
†)→ EndQp-F -Isoc(M/M
1) is
bijective if the bijectivity End
Qp-F -Isoc
(M†)
∼=
→ End
Qp-F -Isoc
(i∗Cα,XM
†) holds for a closed point α ∈ X
and a smooth curve iα,C : Cα → X passing at α such that i∗Cα,XM
† is irreducible.
Proof. The former assertion follows from the fact that the restriction morphism H0rig(X/K,M
†) →
H0rig(Y/K, f
∗M†) (resp. H0conv(X/K,M/M
1)→ H0conv(Y/K, f
∗(M/M1))) of L-Fq-spaces over K is in-
jective by the hypothesis of connectedness. Here H0conv(X/K,M/M
1) is the 0-th convergent cohomology,
that is, the space of horizontal sections of the convergent isocrystalM/M1. The second assertion follows
from the former assertion and the bijectivity of End
Qp-F -Isoc
(i∗Cα,XM
†)→ End
Qp-F -Isoc
(i∗Cα,X(M/M
1))
by Corollary 5.10. ✷
6.5. Consequences from the companion theorem. After Abe’s celebrated work on p-adic Langlands
correspondence and the companion theorem in the case of curves [1] [2], Deligne’s companion conjecture
between ℓ-adic coefficients and p-adic coefficients in general dimension [15, Conjecture 1.2.10] is one of
the hottest problems in arithmetic geometry. (See the detail in [13], [4] and [32].) Abe and Esnault
established the Lefschetz theorem and the weight theorem for F -isocrystals in [4] after the companion
theorem.
Theorem 6.18. [4, Theorem 3.10] Let X be a smooth connected scheme separated of finite type over
Spec k, and M† an irreducible Qp-Fq-isocrystal on X. There exists a dense open subscheme U of X such
that, for any closed point α ∈ U , the triplet (X,α,M†) satisfies the condition (LCQp) in Corollary 6.16.
The Lefschetz theorem in [4] is more general which asserts an existence of a curve passing at given
finite closed points and on which the pull back is irreducible. Using Lefschetz theorem for isocrystals
with tame ramifications along boundaries Abe and Esnault proved the following theorem.
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Theorem 6.19. [4, Theorem 2.6] Let X be a smooth connected scheme separated of finite type over
Spec k. Then any Qp-Fq-isocrystal on X is ι-mixed. In particular, any irreducible Qp-Fq-isocrystal on
X is ι-pure.
As a consequence we have an affirmative answer to Kedlaya’s question “Minimal slope conjecture” [31,
Remark 5.14] (Conjecures 1.1, 1.2) for Qp-F -isocrystals on smooth varieties over finite fields by Theorems
6.18, 6.19 and Corollary 6.16.
Theorem 6.20. Let X be a smooth connected scheme separated of finite type over Spec k, andM†,N † ir-
reducible overconvergent Qp-Fq-isocrystals on X such that there exists a nontrivial morphism h : N/N
1 →
M/M1 between the maximal slope quotients as convergent Qp-Fq-isocrystals. Then the following hold.
(1) There exists an isomorphism g† : N † →M† of overconvergent Qp-Fq-isocrystals on X.
(2) Suppose furthermore that either the canonical homomorphism
End
Qp-F -Isoc
(π∗
m,Qp
M†)→ End
Qp-F -Isoc
(π∗
m,Qp
(M/M1)) or
End
Qp-F -Isoc
(π∗
m,Qp
N †)→ End
Qp-F -Isoc
(π∗
m,Qp
(N/N 1))
is surjective for some positive integer m. Then there exists an isomorphism g† : N † →M† such
that the induced morphism of the maximal slope quotients by g† coincides with the given h.
Appendix A. Frobenius
A.1. Frobenius on a complete discrete valuation field. Let R be a complete discrete valuation ring
of mixed characteristic (0, p) with the residue field k = R/m which is not necessarily perfect, and K the
field of fractions of R. For a positive power q of p, a q-Frobenius σ on K is a continuous endomorphism
σ : K → K
such that σ(a) ≡ aq (modm) for a ∈ R. We define the σ-invariant subfield Kσ by
Kσ = {a ∈ K |σ(a) = a}.
Remark that the same letter σ is used for the q-Frobenius which acts on an extension K ′ of K.
Lemma A.1. (c.f. [43, Remark 2.1]) Suppose K admits a q-Frobenius σ.
(1) Kσ is a complete discrete valuation field with a finite residue field of cardinal ≤ q. In particular,
Kσ is a finite extension of the field Qp of p-adic numbers.
(2) There exists a finite unramified extension K ′ of K such that K ′ admits a q-Frobenius σ which is
an extension of σ on K, the residue field (K ′)σ is a field of q-elements and the valuation group
of (K ′)σ is same with that of K. If furthermore k is perfect, then the natural map (K
′)σ ⊗W (Fq)
W (k′) → K ′ is bijective where k′ is the residue field of K ′ and σ = id(K′)σ ⊗ Frob
s
p = id(K′)σ ⊗
Frobq for q = p
s. Here W (k′) means the Witt vector ring with coefficients in k′ and Frobp (resp.
Frobq) is the canonical p-Frobenius (resp. q-Frobenius) on W (k
′).
(3) For a finite extension L of Qp, there exist a finite extension K ′ of K and a positive integer n
which satisfy the following:
(i) K ′ admits a q-Frobenius σ which is an extension of σ on K,
(ii) the residue field of (K ′)σn is a field of q
n-elements,
(iii) L ⊂ (K ′)σn .
In order to prove Lemma A.1 we introduce extensions K̂perf ⊂ K̂perf,ur of K as complete discrete
valuation fields with the same valuation group to K such that the residue field of K̂perf (resp. K̂perf,ur)
is a perfection of k (resp. an algebraic closure of k). Moreover, K̂perf and K̂perf,ur admit a q-Frobenius
σ which is compatible with extensions of K. The field K̂perf is defined by the p-adic completion of the
inductive limit of the inductive system
K
σ
→ K
σ
→ K
σ
→ · · · .
where K = lim
→
(K
σ
→ σ(K)
σ
→ · · · ) and the q-Frobenius on K̂perf which is compatible to the Frobenius
σ on K by the system σ = (σ
σ
→ σ
σ
→ σ
σ
→ · · · ) of Frobenius. K̂perf,ur is the p-adic completion of the
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maximally unramified extension of K̂perf. Then the q-Frobenius extends uniquely on K̂perf,ur and it is
denoted by the same symbol σ.
Proof of Lemma A.1. (1) One can easily see that Kσ is a complete discrete valuation field. If
a ∈ Kσ ∩ R, then a satisfies the congruence aq ≡ a (modm). Hence the residue field of Kσ is finite of
cardinal ≤ q.
(2) Since (K̂perf,ur)σ is a finite extension of Qp with the residue field of q elements and the valuation
ring of (K̂perf,ur)σ coincides that of K̂
perf,ur, the field K ′ = (K̂perf,ur)σK of composite is a desired
field. When the residue field k is perfect, then W (k) is the canonically subring of K. Comparing the
ramification, one has a natural isomorphism (K ′)σ ⊗W (Fq) W (k)→ K
′.
(3) Replacing K and L by finite extensions respectively, we may assume that K admits a q-Frobenius
such that (K̂perf,ur)σn = Kσn by the proof of (2), the cardinal of the residue field of L is q
n, and L
is a totally ramified extension of Kσn . Since the valuation group of (K̂
perf,ur)σn coincides with that of
K̂perf,ur and hence of K, the natural map L⊗Kσn K → LK is an isomorphism of fields. Then K
′ = LK
and σ = idL ⊗ σ are our desired field and q-Frobenius. ✷
A.2. Frobenius on †-spaces associated to affine smooth schemes. Let X be an affine smooth
integral scheme separated of finite type over Spec k. Suppose there exist an affine smooth integral
scheme X = SpecAX of finite type over SpecR such that X ×SpecR Spec k = X and an etale morphism
R[x1, · · · , xd]→ AX (d = dimX). Note that an affine smooth scheme separated of finite type over Spec k
always admits a smooth lift over SpecR [18, The´ore`me 6]. Suppose AX = R[x1, · · · , xd, y1, · · · , ye]/I. If
ÂX and A
†
X are the p-adically formal completion of AX and the p-adically weak completion of AX (a
weakly complete finitely generated (w.c.f.g.) algebra over (R,m)), then they are defined by
ÂX = R[x1, · · · , xd, y1, · · · , ye]̂/IR[x1, · · · , xd, y1, · · · , ye]̂,
A†X = R[x1, · · · , xd, y1, · · · , ye]
†/IR[x1, · · · , xd, y1, · · · , ye]†
respectively, where R[x1, · · · , xd, y1, · · · , ye]̂ is the m-adic completion of R[x1, · · · , xd, y1, · · · , ye], and
R[x1, · · · , xd, y1, · · · , ye]† = lim
λ→1+0
R[x1, · · · , xd, y1, · · · , ye]λ,
R[x1, · · · , xd, y1, · · · , ye]λ =
{
f ∈ R[x1, · · · , xd, y1, · · · , ye]̂ ∣∣∣∣ f is convergent on the closedclosed ball maxi,j{|xi|, |yj |} ≤ λ.
}
.
Then A†X ⊂ ÂX are Noetherian [20, Theorem] and integral domains since the localization (AX)m of AX
at mAX is analytically irreducible and analytically unramified and the natural morphism ÂX → ̂(AX)m
is injective. In addition, ÂX (resp. A
†
X) is furnished a continuous integrable derivation d : ÂX →
ÂX ⊗AX Ω
1
AX/R
(resp. d : A†X → A
†
X ⊗AX Ω
1
AX/R
) which is an extension of the R-derivation on AX . It is
known that A†X ⊂ ÂX are independent of the choice of the lift AX up to R-isomorphisms [44, Theorem
2.4.4 (i)].
A continuous endomorphism ϕ on ÂX (resp. A
†
X) is said to be a q-Frobenius with respect to σ if it
satisfies ϕ(a) ≡ aq (modm) and ϕ|R = σ.
Lemma A.2. Under the situation above, if ϕ is a q-Frobenius on R[x1, · · · , xd]̂ (resp. R[x1, · · · , xd]†)
such that ϕ|R = σ, then the q-Frobenius ϕ uniquely extends on ÂX (resp. A
†
X).
Proof. In the formal case it follows from the formal smoothness of ÂX over R[x1, · · · , xd]̂. In the
weakly formal case the assertion is in [44, Corollary 2.4.2]. ✷
We do not discuss the functorialities here (see the detail in [44, Section 2]).
Example A.3. Let C be a smooth connected curve over Spec k, and C the smooth completion of C over
Spec k. By the obstruction theory there always exists a smooth lift C of C over SpecR [21, III, Corollaire
7.4]. Denote a lift of C in C by C. In general there might not exist a q-Frobenius even on the formal
completion Ĉ of C over Spf R. For a closed point α ∈ C, one can find an affine smooth subscheme
U = SpecAU ⊂ C with α ∈ U = U ×SpecR Spec k and an element xα ∈ AU such that the reduction of xα
modulo mAU is a coordinate of U at α and that the morphism U → SpecR[x] determined by x 7→ xα is
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etale. Then there exists a q-Frobenius ϕ on A†U ⊂ ÂU such that ϕ(xα) = x
q
α and ϕ|R = σ by the formal
etaleness of ÂU over R̂[x].
Let us explain the relation between Berthelot’s overconvergent F -isocrystals and Monsky-Washnitzer’s
weakly complete differential modules with Frobenius (see the foundation of overconvergentF -isocrystals in
[6]). Let X be the Zariski closure of the immersion X → Ad+eR ⊂ P
d+e
R determined by x1, · · · , xd, y1, · · · , ye
where Pd+eR is the (d + e)-dimensional projective space over SpecR, X the closed fiber of X with the
canonical open immersion jX : X → X , X̂ the p-adic formal completion of X , and X̂K the Raynaud’s
generic fiber of X̂ with the specialization morphism sp : X̂K → X̂ of locally ringed G-spaces. In this
situation
]X [λ=]X[̂X
∩{α ∈ (Ad+eK )
an | |xi(α)|, |yj(α)| ≤ λ for all i, j}
is an affinoid space over SpmK for λ ∈ |K×| ⊗Z Q ∩ (1,∞) and {]X [λ}λ forms a fundamental system
of strict neighborhoods of ]X [̂X
in ]X[̂X
[6, Example 1.2.4]. Here V ⊃]X [̂X is a strict neighborhood if
{V, ]X \X [̂X} is an admissible covering of ]X[̂X . Berthelot defined the sheaf of rings of functions on ]X[̂X
overconvergent along X \X by
j†XO]X[̂X
= lim
λ→1+0
αV ∗α
−1
V O]X[̂X
where V runs over all strict neighborhoods and αV : V →]X[̂X is the canonical immersion. Note that
j†XO]X[̂X
is coherent [6, Proposition 2.1.9 (i)]. Then
Γ(]X [̂X
, j†XO]X[̂X
) ∼= lim
λ→1+0
Γ(]X [λ,O]X[̂X
)
∼= lim
λ→1+0
R[x1, · · · , xd, y1, · · · , ye]λ/IR[x1, · · · , xd, y1, · · · , ye]λ ⊗R K
∼= A
†
X ⊗R K =: A
†
X,K
since ]X [̂X
= X̂K is quasi-separated and quasi-compact. Moreover, the global section functor Γ(]X[̂X ,−)
gives an equivalence between the category of coherent j†XO]X[̂X
-modules and that of finitely generated
A†X,K-modules [6, Proposition 2.5.2 (i)].
Since X̂ is smooth around X , there exists a strict neighborhood W0 of ]X [̂X in ]X[̂X such that W0 is
a smooth affinoid space over SpmK. The following lemma is an essential part of [6, Proposition 2.5.5].
Lemma A.4. For any strict neighborhood W of ]X [̂X
in W0, there exists a strict neighborhood W
′ of
]X [̂X
in W such that the q-Frobenius ϕ on A†X in Lemma A.2 induces a morphism ϕ :W
′ →W of rigid
analytic spaces over SpmK.
Instead of recalling the definition of overconvergent F -isocrystals [6, Chapter 2] (see [7, 10.2, 12.1] in
the general case without assuming the global embedding of X into a smooth formal scheme), we give an
equivalent condition of the definition of overconvergent F -isocrystals in affine smooth cases.
Theorem A.5. [6, Corollaire 2.5.8] The global section functor Γ(]X [̂X
,−) induces an equivalence between
the category of overconvergent F -isocrystals on X/K with respect to σ and the category of A†X,K-modules
M † of finite type which is furnished with an integrable connection ∇ : M † → M † ⊗AX Ω
1
AX/R
and a
horizontal isomorphism ϕM† : (ϕ
∗M †, ϕ∗∇) → (M †,∇) called Frobenius. Note that M † is an projective
A†X,K-module.
A.3. Frobenius on partially †-spaces. Let X be an affine smooth integral scheme separated of finite
type over Spec k with an affine smooth lift X = SpecAX of finite type over SpecR such that there exists
an etale morphism R[x1, · · · , xd] → AX (d = dimX). Let U be an affine open dense subscheme of X
with the open immersion jU,X : U → X , and take an affine smooth lifting Û = Spf ÂU as a formal scheme
over the p-adic formal scheme Spf R. Then Û is an open formal subscheme of the p-adic formal scheme X̂
associated to X . Suppose that there exists an element y ∈ ÂX such that U is define by y (modm) 6= 0
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in X . Fix the p-adic norm || − || on ÂX which is defined by ||a|| = |π|e if a ∈ meÂX \me+1ÂX and
||0|| = 0 if a = 0, where π is a uniformizer of K. Let us define an ÂX,K-algebra by
Â†U,X = ÂX [z]
†/(yz − 1),
where ÂX [z]
† =
{∑∞
n=0 anz
n ∈ ÂX [[z]]
∣∣∣ ||an||λn → 0 asn→∞ for some λ > 1}.
Lemma A.6. With the notation as above, the following hold.
(1) Â†U,X is a w.c.f.g. algebra over (ÂX ,mÂX) and it is Noetherian.
(2) The continuous derivation of ÂX and any q-Frobenius on ÂX extend on Â
†
U,X .
(3) If we put Â†U,X,K = Â
†
U,X ⊗R K, then there is a natural isomorphism
Γ(]X [X̂ , j
†
U,XO]X[X̂ )
∼= Â
†
U,X,K
of ÂX,K-algebras. The global section functor Γ(]X [X̂ ,−) gives an equivalence between the category
of coherent sheaves of j†U,XO]X[X̂ -modules and that of finitely generated Â
†
U,X,K-modules.
Proof. (1) The assertions follow from [20].
(2) Let ϕ be a q-Frobenius on ÂX . If we put ϕ(y)− yq = πg for some g ∈ ÂX , then z should map to
1/ϕ(y) ≡ 1/(yq + πg) ≡ (1 + πgzq)−1zq (mod (yz − 1)ÂX [z]
†)
by the q-Frobenius. Since (1+πgzq)−1zq is contained in ÂX [z]
†, there exists a unique extension ϕ of the
q-Frobenius on ÂX .
(3) Put ]U [λ=]X [X̂∩{α ∈]X [X̂ | |y(α)| ≥ λ} for λ ∈ |K
×| ⊗Z Q ∩ (0, 1). Then ]U [λ is an affinoid
space over SpmK and {]U [λ}λ forms a fundamental system of strict neighborhoods of ]U [X̂ in ]X [X̂ [6,
Example 1.2.4]. Then the similar proof to the case of A†X,K in A.2 works. ✷
Let ϕ be a q-Frobenius on ÂX . Then the similar assertion to Lemma A.4 holds also in this case so
that we can discuss the Frobenius structure of integrable connections on coherent sheaves.
Theorem A.7. Let ϕ be a q-Frobenius on ÂX . The global section functor Γ(]X [X̂ ,−) induces an equiva-
lence between the category of convergent F -isocrystals on U/K overconvergent along X \U with respect to
σ and the category of finitely generated Â†U,X,K-modules M
† which is furnished with an integrable connec-
tion ∇M† : M
† → M † ⊗AX Ω
1
AX/R
and a horizontal isomorphism ϕM† : (ϕ
∗M †, ϕ∗∇M†) → (M
†,∇M†)
called Frobenius. Note that M † is an projective Â†U,X,K -module.
Proof. Since the problem is local on X , we may assume that there exists an etale morphism X →
SpecR[x1, · · · , xd]. Let us put Bλ = Γ(]U [λ,O]X[
X˜
). Since M † is a finitely generated projective Â†U,X,K -
module, there exists a finitely generated projective Bλ0 -moduleMλ0 with an integrable connection∇Mλ0 :
Mλ0 → Mλ0 ⊗AX Ω
1
AX/R
such that (M †,∇M†) ∼= (Â
†
U,X,K ⊗Bλ Mλ0 , idÂ†U,X,K
⊗ ∇Mλ0 + d ⊗ idMλ0 ) for
some λ0 ∈ |K
×| ⊗Z Q ∩ (0, 1). Let us denote the inverse image of (Mλ0 ,∇Mλ0 ) on ]U [λ by (Mλ,∇Mλ)
for λ0 < λ < 1. We fix a Banach norm || − ||λ0 on Mλ0 and denote the induced Banach norm of Mλ
by || − ||λ. Then ||1 ⊗ m||λ′ ≤ ||m||λ for m ∈ Mλ and λ ≤ λ
′ < 1. In order to prove the integral
connection ∇M† is overconvergent along X \ U , it is sufficient to prove that, for any 0 < η < 1, there
exits λ ∈ |K×| ⊗Z Q ∩ [λ0, 1) such that∣∣∣∣∣∣∣∣ 1n!∂n(m)
∣∣∣∣∣∣∣∣
λ
η|n| → 0 (as |n| → ∞)
by [6, Proposition 2.2.13]. Here n = (n1, · · · , nd) ∈ Zd≥0, n! = n1! × · · · × nd!, |n| = n1 + · · · + nd, and
∂n = ∇Mλ(
∂
∂x1
)n1 · · · ∇Mλ(
∂
∂xd
)nd .
Since ∇Mλ0
(
∂
∂xi
)
acts continuously on the finite generated Â†U,X,K-module Mλ0 , there exists a con-
stant C > 0 such that ∣∣∣∣∣∣∣∣∇Mλ0 ( ∂∂xi
)
(m)
∣∣∣∣∣∣∣∣
λ0
≤ C ||m||λ0
38 NOBUO TSUZUKI
for all m ∈Mλ0 and for all i. Hence there exists a number 0 < η0 < 1 such that∣∣∣∣∣∣∣∣ 1n!∂n(m)
∣∣∣∣∣∣∣∣
λ0
η
|n|
0 → 0 (as |n| → ∞).
for all m ∈ Mλ0 . Since ϕ(a) ≡ a
q (mod mA†U,X) for a ∈ Â
†
U,X , we have a morphism ϕ :]X [λ→]X [λq of
affinoid spaces for any λ ∈ |K×| ⊗Z Q ∩ (0, 1) which is sufficiently close to 1. Then the Frobenius ϕM†
induces a horizontal isomorphism
ϕMλ : ϕ
∗(Mλq ,∇Mλq )
∼= (Mλ,∇Mλ)
for any λ which is sufficiently close to 1. It implies that, if any m ∈Mλq satisfies∣∣∣∣∣∣∣∣ 1n!∂n(m)
∣∣∣∣∣∣∣∣
λq
(ηq)|n| → 0 (as |n| → ∞)
for some 0 < η < 1, then any m ∈Mλ satisfies∣∣∣∣∣∣∣∣ 1n!∂n(m)
∣∣∣∣∣∣∣∣
λ
η|n| → 0 (as |n| → ∞).
Hence η → 1− 0 as λ→ 1− 0. Therefore, the assertion holds. ✷
Appendix B. Change of base fields and Frobenius
In this appendix we recall the push forward functor and the pull back functor between the categories of
F -isocrystals under the base extensions and changing Frobenius by its powers. Suppose k is an arbitrary
perfect field of characteristic p. Let L be a finite extension of K with the residue field l such that L
admits an extension σ of the q-Frobenius σ on K (note that we use the same notation σ). Let X be a
smooth scheme separated of finite type over Spec k with a completion X of X over Spec k, and put the
scalar extension Xl = X ×Speck Spec l and the projection πl/k : Xl → X . For a positive integer n, we
define the pull back functor
π∗(L,σn)/(K,σ) :
(
overconvergent F -isocrystals
on X/K with respect to σ
)
→
(
overconvergent F -isocrystals
on Xl/L with respect to σ
n
)
and the push forward functor
π(L,σn)/(K,σ) ∗ :
(
overconvergent F -isocrystals
on Xl/L with respect to σ
n
)
→
(
overconvergent F -isocrystals
on X/K with respect to σ
)
as follows. Locally on X , there exists a smooth lift X = SpecAX over SpecR and a q-Frobenius ϕ on
the p-adically weak completion A†X of AX which is compatible to σ (Appendix A.2). Then the functors
are defined by
π∗(L,σn)/(K,σ)(M
†,∇M† , FM†) = (L ⊗K M
†, idL ⊗∇M† , idL ⊗σn (σ
n ⊗ FnM†))
where ⊗σn means the scalar extension by σn : L→ L, and
π(L,σn)/(K,σ) ∗(N
†,∇M† , FN †) = (⊕
n−1
i=0 (ϕ
i)∗(π∗N †, π∗∇), Fπ(L,σn)/(K,σ) ∗(N †))
Fπ(L,σn)/(K,σ) ∗(N †)(a0 ⊗σ m0, · · · , an−1 ⊗σ mn−1)
= (FN †(an−1 ⊗σ mn−1), a0 ⊗σ m0, · · · , an−2 ⊗σ mn−2).
Then π∗(L,σn)/(K,σ) is a left adjoint of π(L,σn)/(K,σ) ∗. For an overconvergent F -isocrystalM
† on X/K, the
adjoint ad(L,σn)/(K,σ) :M
† → π(L,σn)/(K,σ) ∗π
∗
(L,σn)/(K,σ),nM
† of id : π∗(L,σn)/(K,σ)M
† → π∗(L,σn)/(K,σ)M
†
is given by
ad(L,σn)/(K,σ)(m) = (m,F
−1
M†
(m), · · · , F−n+1
M†
(m))
where F−i
M†
: M† → (ϕi)∗M† is the inverse of F iM† = FM† ◦ · · · ◦ (ϕ
i−1)∗(FM†) : (ϕ
i)∗M† →M†. We
also define a trace map Tr(L,σn)/(K,σ) : π(L,σn)/(K,σ) ∗π
∗
(L,σn)/(K,σ)M
† →M† by
Tr(L,σn)/(K,σ)(a0 ⊗m0, a1 ⊗m1, · · · , an−1 ⊗mn−1) =
n−1∑
i=0
trL/K(σ
i(ai))F
i
M†(1⊗mi),
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where trL/K : L→ K is the trace of finite extension of fields. Since trL/K commutes with the q-Frobenius
σ, the trace map Tr(L,σn)/(K,σ) is well-defined and commutes with connections and Frobenius. Hence it
is a morphism of overconvergent F -isocrystals on X/K with respect to σ.
Lemma B.1. (1) As morphisms of (over)convergent F -isocrystals on X/K with respect to σ, the
following identity holds:
Tr(L,σn)/(K,σ) ◦ ad(L,σn)/(K,σ) = ndeg(L/K)id.
(2) Let K ⊂ L ⊂ M be a sequence of finite extensions with the compatible q-Frobenius σ. Then the
associativities below hold:
π∗(M,σmn)/(K,σ) = π
∗
(M,σmn)/(L,σm) ◦ π
∗
(L,σm)/(K,σ),
π(M,σmn)/(K,σ) ∗ = π(L,σm)/(K,σ) ∗ ◦ π(M,σmn)/(L,σm) ∗,
ad(M,σmn)/(K,σ) = π(L,σm)/(K,σ) ∗(ad(M,σmn)/(L,σm)) ◦ ad(L,σm)/(K,σ)
Tr(M,σmn)/(K,σ) = Tr(L,σm)/(K,σ) ◦ π(L,σm)/(K,σ) ∗(Tr(M,σmn)/(L,σm)).
Remark B.2. In this appendix we define the functors π∗(L,σn)/(K,σ) and π(L,σn)/(K,σ) ∗ only for smooth
schemes. Using the method of hypercoverings [6, 2.3.2 (iii), 2.3.7] [7, 10.2, 12.1], one can define the same
for arbitrary schemes locally of finite type over Spec k.
References
[1] T.Abe, Langlands correspondence for isocrystals and the existence of crystalline companions for curves. J. Amer. Math.
Soc. 31 (2018), no.4, 921-1057
[2] T.Abe, Langlands program for p-adic coefficients and the petits camarades conjecture. J.Reine Angew. Math. 734
(2018), 59-69.
[3] T.Abe; D.Caro, Theory of weights in p-adic cohomology. Amer. J. Math. 140 (2018), no.4, 879-975.
[4] T.Abe; H.Esnault, A Lefschetz theorem for overconvergent isocrystals with Frobenius structure. to appear in Ann. Ec.
Nor. Sup.
[5] E.Ambrosi; M.D’Addezio, Maximal tori of monodromy groups of F -isocrystals and an application to abelian varieties.
arXiv:1811.08423.
[6] P. Berthelot, Cohomologie rigide et cohomologie rigide a` support propre, part 1. Pre´publication IRMAR 96-03, available
at https://perso.univ-rennes1.fr/pierre.berthelot/.
[7] B.Chiarellotto; N.Tsuzuki, Cohomological descent of rigid cohomology for etale coverings. Rendiconti di Padova 109
(2003), 63-215.
[8] B.Chiarellotto; N.Tsuzuki, Logarithmic growth and Frobenius filtrations for solutions of p-adic differential equations. J.
Inst. Math. Jussieu 8 (2009), no. 3, 465-505.
[9] B.Chiarellotto; N.Tsuzuki, Log-growth filtration and Frobenius slope filtration of F -isocrystals at the generic and special
points. Doc. Math. 16 (2011), 33-69.
[10] G.Christol,Modules diffe´rentiels et e´quations diffe´rentiels p-adiques.Queen’s Papers In Pure and Applied Mathematics,
66, 1983, Queen’s University, Kingston.
[11] G.Christol, Un the´ore`me de transfert pour les disques singulie`res regulie´res, Cohomologie p-adique. Aste´risque, 119-
120, SMF, 151-168, 1984.
[12] R.Crew, F -isocrystals and p-adic representations. Algebraic geometry, Bowdoin, 1985 (Brunswick, Maine, 1985), 111-
138, Proc. Sympos. Pure Math., 46, Part 2, Amer. Math. Soc., Providence, RI, 1987.
[13] R.Crew, F -isocrystals and their monodromy groups. Ann. Scient. E´c. Norm. Sup. 25 (1992), 429-464.
[14] J.A.De Jong, Homomorphisms of Barsotti-Tate groups and crystals in positive characteristic. Invent. Math. 134 (1998),
no. 2, 301-333.
[15] P.Deligne, La conjecture de Weil, II. Publ. Math. IHE´S 52 (1981), 313-428.
[16] B.Dwork, Normalized period matrices. II. Ann. of Math. (2) 98 (1973), 1-57.
[17] B.Dwork, Bessel functions as p-adic functions of the argument. Duke Math. J. 41, No.4 (1974), 711-738.
[18] R.Elkik, Solutions d’e´quations a` coefficients dans un anneau hense´lien. Ann. Sci. E´cole Norm. Sup. 6 (1973), 553-603.
[19] J.-Y.E´tesse; B. Le Stum, Fonctions L associe´es aux F -isocristaux surconvergents, I: Interpre´tation cohomologique.
Math. Ann. 296 (1993), 557-576.
[20] W.Fulton, A note on weakly complete algebras. Bull. Amer. Math. Soc. 75 (1969),591-593.
[21] A.Grothendieck, Reveˆtements e´tales et groupe fondamental (SGA1). Lecture Notes in Math. 224 (1971), Springer-
Velag.
[22] C.D.Haessig, L-functions of symmetric powers of Kloosterman sums (unit root L-functions and p-adic estimates). Math.
Ann. 369 (2017), no. 1-2, 17-47.
[23] N.M.Katz, p-adic properties of modular schemes and modular forms. Modular Functions of One Variable, III (Proc.
Internat. Summer School, Univ. Antwerp, Antwerp, 1972). Lecture Notes in Math. 350, 69-190, 1973, Springer, Berlin.
[24] K.S.Kedlaya, Power series and p-adic algebraic closures. J. Number theory 89 (2001), 324-339.
[25] K.S.Kedlaya, Slope filtrations revisited. Doc. Math. 10 (2005), 447-525; errata, ibid. 12 (2007), 361-362.
[26] K.S.Kedlaya, Finiteness of rigid cohomology with coefficients. Duke Math. J. 134 (2006), 15-97.
40 NOBUO TSUZUKI
[27] K.S.Kedlaya, Fourier transforms and p-adic “Weil II”. Compos. Math. 142 (2006), 1426-1450.
[28] K.S.Kedlaya, Semistable reduction for overconvergent F -isocrystals, I: Unipotence and logarithmic extensions. Compos.
Math. 143 (2007), 1164-1212.
[29] K.S.Kedlaya, Slope filtration for relative Frobenius. Aste´risque 319 (2008), 259-301.
[30] K.S.Kedlaya, Semistable reduction for overconvergent F -isocrystals, II: A valuation-theoretic approach. Compos. Math.
144 (2008), 657-672.
[31] K.S.Kedlaya, Notes on isocrystals. arXiv:1606.01321.
[32] K.S.Kedlaya, E´tale and crystalline companions, I. arXiv:1811.00204v2.
[33] J.Kramer-Miller, The monodromy of F -isocrystals with log-decay. arXiv:1612.01164.
[34] J.Kramer-Miller, The monodromy of unit-root F -isocrystals with geometric origin. arXiv:1812.02803.
[35] J.Kramer-Miller, Log-decay F -isocrystals on higher dimensional varieties. arXiv:1902.04730.
[36] P.Monsky; G.Washnitzer, Formal Cohomology I. Ann. of Math. 88 (1968), 181-217.
[37] S.Ohkubo, Logarithmic growth filtrations for (ϕ,∇)-modules over the bounded Robba ring. arXiv:1809.04065
[38] P.Robba, On the index of p-adic differential operators. I. Annals Math. 101 (1975), 280-316.
[39] N.Tsuzuki, The overconvergence of morphisms of e´tale ϕ-∇-spaces on a local field. Compos. Math. 103 (1996), no. 2,
227-239.
[40] N.Tsuzuki, Finite local monodromy of overconvergent unit-root F -isocrystals on a curve. Amer. J. Math. 120 (1998),
no. 6, 1165-1190.
[41] N.Tsuzuki, Slope filtration of quasi-unipotent overconvergent F -isocrystals. Ann. Inst. Fourier (Grenoble) 48 (1998),
no. 2, 379-412.
[42] N.Tsuzuki, Morphisms of F -isocrystals and the finite monodromy theorem for unit-root F -isocrystals. Duke Math. J.
111 (2002), no. 3, 385-418.
[43] N.Tsuzuki, Constancy of Newton polygons of F -isocrystals on Abelian varieties and isotriviality of families of curves.
to appear in J. Inst. Math. Jussieu.
[44] M.Van der Put, The cohomology of Monsky and Washnitzer. Me´moires de la S. M. F. 2e se´rie, 23 (1986), 33-59.
[45] D.Wan, Dwork’s conjecture of unit root zeta functions. Annals of Math. 150 (1999), 867-927.
[46] D.Wan, Higher rank case of Dwork’s conjecture. J. Amer. Math. Soc. 13 (2000), 807-852.
[47] D.Wan, Rank one case of Dwork’s conjecture. J. Amer. Math. Soc. 13 (2000), 853-908.
Mathematical Institute, Tohoku University, Aramaki Aza-Aoba 6-3, Aobaku, Sendai, 980-8578, Japan
E-mail address: tsuzuki@math.tohoku.ac.jp
